. Chapter

Matrices

7 7 y J
Success is not where you are in life, but the obﬁ'lacleﬁ' s ou lfavc overcome.

Def. Matrix : A set of mn numbers (real or 1ma01§1a1 Y) anranoed in the form of a rectangular arr ay of

- mrows and » columns is called an mx# matrm\(to be read as ‘m’ by ‘n’ matrix).

. L] 21

An mxn matrix is usually written as

dj A

aZj e Gy

QG Gy
An2 Q3 Qpj A |

In compacl form the above matrix is represented by A4 = [ U:Imxn or 4=[ay].

or”
\v

\ O : -th
The nu ¥ \ ; L o i
, I'hc m]’m‘bel;sf a1, a;;.... etc. are known as the elements of the matrix 4. The element ay belongs to

th

l‘0§\5 and jth column and is called the (7,7)" element of the matrix A=[ay]. Thus, in the element a;

the first subscript 7 always denotes the number of row and the second subscript j, number of column in
which the element occurs.

Note : Unless otherwise stated, by a matrix we shall mean a complex matrix.
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Types of matrices :
Def. Row matrix : A matrix havi
matrix having only one row is called a row-matrix ora row-vector-
;‘

.g.. '—“ | : | [ i i
e 5 A 1 2 "'] “‘2 IS arow n]d[l'lx Of()fdcr IX 4 ¢
'ﬂ”Cd a C()Illlﬂn mdtlix orac ll”

Def. Column matrix : A matrix having only one column is ¢

vector.
l ;
{
e.g., A= 2 . : o A - :
g, A= 2 |and B= : are column-matrices of order 3x1 and 4x1 respective y. ~
-—1 N (//.’\\ 4 |
4 ;17‘.: i ‘—,// d
i of cGlumns, say #.
umber of TOWS 15 equal to thc'numl}g;'//of&c ;J/u , say
D y |

Def. Square matrix : A matrix in which the n

s called a square matrix of order 7.

A square matrix of order # is also called a7

A= [ ]"X" for which 7=7J

vhich they lie is called t

trix. The clements ay of a square matrix

_rowed squaré ma

i.e., the clements a1,@22> T

he plmmpal diagonal ¢!
X

.2 and 3.

line along\
diagonal elements aré 2

N %\ )
e.o.. the matrix 3 -2 5|is square matrix of order 3 irfi\é;yhich the
T & ¢
] 5 =

\ Ve
7 [a JI X1

4

is called an identity or unit matrix if

Def. Identity or unit matri :
a; =1 forall

ch of whose non-

(i) ay =0 forall i#J and
of order 7 is

atrix each, of whose di
called an identity or unit m

agonal element is unity and ea

In other words, a square m
atrix. The identity matrix

Jements is equal t zero is

diagonal e

denoted by 7,,-

£ S o
; 2y

& |G 0
e.g., the matrices 5= [0 IJ’ o=

1 00
0 1 0fare identity matrices of order 2 and 3 respectively.
0850 .1 e

[l elements are Z€ro is called a null matrix or a z€ro matrix.

Def Null mdtnx A matrix whose a

0
J are null matrices of order 2x2 a

and B=[b;]xs ar€ equal if

nd 2% 3 respectively.

Def. Equality atrices : i =
quality of matrices : Two matrices A =[aluxn
i.c., the number of rows in A equals the number of rows in B

@iy m=r,
ns in A equals the number of colur

(ii) n=s, i.e.. the number of colum

nns in B

(iid) @y = by for i=1.2,...mand j=12,..0n

www.risingstarmath.com e
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- 4 b\' k is callcd the scalar multiple of 4 by k and is denoted by k4. Thus, k4= [k Lscn -

RISING Y STAR ACADEMY

[ Chapter 1 Matrices [
If two matrices 4 and B are equal, we write 4= B, otherwise we write 4 # B. The matrices
32 3 g .
A=|x .y Sfland B=|~1 0 5|arcequalif x=-1, y=0 and z =4, Matrices 0.8 and
4 B o g S
(0.0 0
50" 0 are not equal, because their orders are not same. £

Def. Addition of matrices : Let 4, B be two matrices, each of order mxsn. T hen their sumiﬁﬂrl—‘ﬁ‘ lsa
matrix of order mxn and is obtained by adding the corresponding elements of 4 and b’ Thus if

A=[a;)mn and B= [6; ] are two matrices of the same order, their sum/ A+B/|s def'ned to be the

matrix of order 77x7 such that (4+B); =ay +by; for i=1,2,..,m and j=',1,2,..'.‘-,t"n

Note : The sum of two matrices is defined only when they are of the sanfe Grdler.
Properties of matrix addition : /
1. Commutativity : If 4 and B are two mxn matrices, thef

commutative.

[S®]
>
17
w
Qo
Q
o
—
=
=)
p—
—
M
o~
a
2
[¢]
-+
=
=
[¢]
[¢]
3
o
—+
=
(@)
(9]
w
o
lempd
o
w
2
=
[¢]
Q
=
oL
a
=i
—_
=
[¢]
=
~
N
+
>y}
~—~
+
(!
N
+
~
S
+
]
—
[¢]

matrix addition is associative.

(V8]

. Existence of identity : The null m}g}triﬁl{ is the identity element for matrix addition, i.e.,

A+0=4=0+ 4.

P

Jon

. Existence of inverse : For every matux A [, there exists a matrix [—a;; ], denoted by

—A , such that A+ (- A);;—'

(—A) +4

5. Cancellation laws : lf 4 B C are matrices of the same order, then
A+ B= A +C = B C : [ Left cancellation law]
B+ A=C+A=B=C - [Right cancellation law]

- Def. Mdltipli’caﬁdn of a matrix by a scalar (scalar multiplication) : Let 4 =[a;] be an mxn

2 _,matnx and & b(. any number called a scalar. Then the matrix obtained by multlplymu every element of

: Propcrtles of scalar multiplication : If 4 “["ij]mxm B =[b]xn are two matrices and &, /are .

scalars, then

(i) k(A+B)=kA+kB ’ (ii) (kD) A=kA+14

28-A, Jia Sarai, Near Hauz Khas Mctro Station, New Delhi, Mob : 07838699091
439729, Chhotu Ram Nagar, Near Power House, Delhl Road, Rohtak , Mob : 09728862122

@ Scanned with OKEN Scanner



3

Linear Algebra
1 iy
;nun:~uu)luﬂ V) i =2ldy= b~ 4)
Vi) (=)A=~
(v) 1d=d v =D

Def. Subtraction of matrices : For two matrices 4 and B of the same order, the subtraction of Matriy

B from matrix A is denoted by A B and is defined as A~ B = 44 (~B).

Def. Mulitiplication of matrices : Two matrices 4 and i are conformable for the

product A7 if gh
number of columns in 4 (pre-multiplier) is same as the numbe

rolrows in B (post- -multiplier), Thus, i

A=[a; ], and 1,’:[1;5,.,.] 0 matrices of order mxn and nxp respectively, then lhur

pxp ATC LW

product A8 is of order mx p and is defined as

(4B); = Zan by = apby, by +..+ Uiy “  ‘”1 _-.\,L:"’
r=| A \ gy 9
by,
- (48 )i =lay Ajy..aty, | bzzj
U’nj _

1=12,...m and J=L2,.
Remark : For any two matrices 4 and B

i=]
may hold :

, the folloqy,jn0 siX possibili
Ri

(f) AB and BA both does not exist.
(i1) AB exists but B4 does not exvi(‘_sti?."\‘“«
(11) B4 exists but 4B does not eXl
(iv) Both 4B and BA exist but their d?Héi:g are not same.
(v) Both AB and B4 exist,

. he/) ) vders are same but matrices are not equal i.e., 4B+ BA.
(vi) Both 4B and BA ex1st and_) B B4,

Def. Positive mtegral powers oi a square matrix : For any square matrix, we define

() A= A and— R 7 (u) A =A"-A, where neN.

It js -m-’ndenf«ff;pm this definition that 4> = A4, A° = A24= (AA) 4. et

P

o ﬁé"ea'sily seen that (i) A" A"=A"" and (i) (4™)" =A™ forall mneN .
Properties of matrix multiplication :
I. Matrix multiplication is not commutative in general,
2. Matrix multiplication is associative i.e., (AB)C?—'/J(BC), whenever both sides are defined.
3. Matrix multiplication is distributive over matrix addition i.e

(i) A(B+C)=AB+ AC

(i) (4+ B)C = AC + BC whenever both sides of equality are defined.

www.risingstarmath.com
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RISING Y STAR ACADEMY

[ Chapter 1 R e e i

4. If A is an mxn matrix, then IhA=A=dl,

5. The product of two matrices can be the null matrix while neither of them is the null matrix. i.c.. if

4“[0 : and B 10 th 1B o0 hile neither A Bis tl Il i
A= { 3 = 5 en Al = N > neither . 4 . alrix.,
0 0 00 0 0 whitle neither A nor /318 the null matrix
6. If.4 s mxn matrix and O is a null matrix, then

(i) -4mxuonxp:0m*l’ (“) 0

[)"Hl IHXH O[)XII

1.¢., the product of the matrix with a null matrix is always a null matrix.

b

7. In the case of matrix multiplication if 4B = O, then it does not necessarily lmply that PA O. Let

0 1 10 1 olfo 1] To. 1
A= and B= Then, AB=0. But, BA= - ¢O Thus,
[0 0] [o o] =5 i 2 [o 0}{0 o] {0 0}

AB=0 while B4=0. £ M

8. Let.dis mxn and Bis nx p complex matrices. If sum of elements:of each row (column) of 4 is

k and sum of elements of each row (column) of B is % \ sg’rﬁ/ of elements of each row

(column) of 4B is kik, .

TN

Proof: We prove the result for 2x2 matrices ;

d then it can be generalized easily to nxn

) ay . a *
matrices. Let A= ki , Gy +ay =k
a
21
by
and B= by +by =k,
by
//,/
ay b +a 7b7l a ]blz +012b22
then 4B=| 117122l A0 and
f’? lbl 1¥ azzbz ‘ ,51217712 +aybyy.

Sum ofelements of ﬁxst row of AB=ay by +a2by +a11b1, +a12b22
i | =ayy(byy +bip) + a1 (byy +byy)
=ay) (k) +ap(ky)
| i =ky(ay +ap) =kk
Siihilarly, it can be proved that the sum of elements of second row is also kk; .
9. Let A be a nxn complex matrix such that sum of elements of each row is &, then sum of elements

of each row of A2 is K2,

Proof : Take B= A and k, =X =k in above result.

28-A, Jia Safai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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B (; Linear Alggy,

RS g
B 10, Let 4 be o X complex matrix such that sum of elements of cach row is k, then sum of g| _—
» LR Cl]’]e
n(S

<M os. o a5 dfive infe g
of cach row of A" is k™. where m is a positive integer.

11, If 4 and B are two zxn complex matrices such that sum of elements of each row of 4 k
S
rang -

sum of elements of each rtow of B is &, , then sum of all clements of A3 i nkk
- 5

12, Let A bea i complex matrix such that sum of cach row of 4 is £, then sum of all ¢
[ (:mcmg
$ of

A" is n- k",

[3. 114 and B are two square matrices of same order such that 4B = p4 and n ig
= i

) A positive jnfeger
then (4+B)" can be expanded by binomial theorem i.¢ &Y%
¥

(A'*'.B)" - ”(70A"B0 s nClAn—lBl 4 e UC, lAIBH-I + ”C A"B" ’ A 4

14. 1.4 and B are two square matrices of same 01de1 such that 4B=p4 =

Oydn&n ls a posmve
integer, then (4+ B)" = 4" + g" ' !

Def. Transpose of a matrix : If A is any matrix of order m x s Y

then matrlx obtained from 4 by

A= [ a, ]mx" then 4' = [a j,.]

Properties of transpose : If 4’ and B'
() (4 = 4 o

nxm

e

(i) (A4+BY=A+DB , Where 4 andﬁ are conformable for addition.

(i) (k4) =k A", where k,vSvany number real or complex.
(iv) (ABY = B'A', where A

(wuﬁﬂﬁf

s

Def. Conjugate of a matrlx If A is any matrix of order m x n whose elements are complex numbers,

&
thenfa matnx ,obtamed from 4 by replacing each of its elements by their corresponding complex

,,o } v

& conjagate 75 called the conjugate of 4 and is denoted by 4 where 4 is also of same order m x .

Symbohcally, if 4= [" ]mx“ then A = [67,,]"”“ where @, is complex conjugate of a, .

Note : If the elements of the matrix 4 are all real numbers then 4 = A .

Properties of conjugate : If A and B denote the conjugate of A and B respectively, then

) (4)= 4 K

www.risingstarmath.com o
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RISING % STAR ACADEMY

[ Chapter 1 - Matrices 7|

(i)(A+B)=A+ B, where 1 and B are conformable for addition,

(i (kA)=k 4. where kis any complex number,
(iV) (4B) = 4 B, where A and B are conformable (or multiplication.

—_—\H
) (,1 ) = ( E | ) « Where A is a square matrix and » is a positive integer.
Def. Transposed conjugate of a matrix : if A is any matrix of order m x n , then the transpmc oi the

conjugate of 4 is called transposed conjugate of 4 and is denoted by A” or A", Symbohcally if

4=[a,] . then A= (] and 4= (71)'=[7’;,] | Y

A
nxm ot R

Properties of transposed conjugate : If 4" and B’ denote the trag’spdécd,c"ohjugate of 4 and B

respectively. then
i) (4) =4

(i) (4+B) = A"+ B", where 4 and B are conformable for:a

Aoy ap ay o ay

M1 Gy Gy o Gy,

denoted by dett or |4 or,

a) G o G oy

g Gy - App *o Gy
Determinant of a square matrix of order 1: If A= [a11] is a square matrix of order 1, then the

determinant of 4 is defined as |/1| =ay or, lal 1] =a)

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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; 1 ap iy |,
Determinant of a square matrix of order 2 : If 4 = IS a square matriy of orde

_”2! (122‘ r 29 th
the expression ayyayy =apay is defined as the determinant of 4,
. an ap
ie. |4= =y =y,
an

Thus. the determinant of a square matrix of order 2 is equal o the product of the (i
: ¢ di

e . agonal elemenq
minus the product of off-diagonal elements: ehig

{l” (112 (113 ’ i

a3 a3y 3,

Determinant of a square matriyx of order

then the expression ay 105,034 +apayay + ay3a35ay, ~

192303y ~ayay3a,,

. o *-a|2(121a33 IS dcf'ned as
the determinant of 4 1.e.,

A ay  ap
‘A‘=‘721 @) Gy3

31 a3 asy

a
‘4l - (__1)1+]a“ 22

4
74

fa square matrix of order 3 can be arranged in various forms o

Remark : For: the detelmmant 0

along any of its rows or columns. Infact, to expand |4| about a row or a

co]umn we, multip]y each element a; in " row with (D™ times the determinant of the sub-matrix

. »‘oblamgd—,by—«leaving the row and column passing through the element.
Determinant of a square matrix of order 4 or more : To calculate the determinant of a square
matrix of order 4 or more, we expand ]A] about a row or a column by multiplying each element a in

" row with (- l)""'j times the determinant of the sub-matrix obtained by leaving the row and column

passing through the e¢lement.

www.risingstarmath.com
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Def. Minor: Lot 4 =]a; 1 be a square matrix of order 1. Then the minor M of ay in Ais the

determinant ot the square sub-matrix of order (7 =1) obtained by leaving "™ row and j'h column of A4,

Def. Cofactor : Let 4= [a;] be a square matrix of order 2. Then, the cofactor Cyy of ay in A is equal

7 times the determ; i : i '
o (=) 7 times the determinant of the sub-matrix of order (n—1) obtained by leaving /™ row and

Al e i ~ ~ . .~ e . j /{‘”‘h‘.
7 column of 4. 1t follows from this definition that & :Cothclorora,j in A -_-(—I)"”M,.i.- where

230 o . M; it i+ jiseven ol Ry,
M, isminorof @ ind. C;=¢ ° "Wy

_"j‘!” if I+ j iS Odd Y, .
Yy B
Properties of determinants : S
4 f

Property 1: Let A= [a”] be a square matrix of order », then the sum of the product of elements of

any row (column) with their cofactors is always equal to |A| or, def(A)

.
12.. Z “—lAI and z ity IAI

Property2:Let A=[a a;] bea squale matrix of order n, then the sum of the product of elements of

any row {column) with the cofactors of the cgr‘r‘@spo ding elements of some other row (column)‘is

n i ‘:"t.'; .,
zero.ie. ) a;Cyy =0 and Y a; Ci=0."0
i=1 =1 Bl

Property 3 : The value of a determinant remains unchanged if its rows and columns are interchanged.

Property 4 : If any two rowvs" Z(columns) of a determinant are interchanged, then the value of the

determinant changes by mrnusjsr/gn only.

Property 5 Ifany 1\&'0 rons (columns) of a determinant are identical, then its value is zero.

Properh 6: lfeach eJemem of a row (column) of a determinant is multiplied by a constant &, then the

value ofth(. ncw duérmmant is k times the value of the original determinant.

!’mpgrty 7 .,]1 follows from the above property that we can take out any common factor from any one
ﬁrow’éfr' an'y”dne column of a given determinant.

Propérty 8: Let A=[ay] beasquare matrix of order n, then |kd| = k"] 4] , because k is common from

each row of kA.
Property 9 : If cach element of a row (column) of a determinant is expressed as a sum of two or more

terms, then the determinant can be expressed as the sum of two or more detcrmiminlsQ

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Dellu, Mob ; 07838699091
439/29,Chhotu Ram Nagar, Near Power House,l)ellu Road Rohtak , Mob ; 09728862122
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10 geb]-a
mrey b+ atn al |l Koy
a b? ¢y - ”) b)_ ('2 + (’2 [)2 C2
e.gn > ) 2 ’
(24 ]"\ C3 y /)3 3

Property 10 : If'cach clement of a row (column) of a determinang i multiplied by (he Same cong

" ) Stapy
and then added to the corresponding elements of some other row (column), then (he value of 4,
delcrmin:ml remains same.

Property 11 : If each element of a row (column) of a determinant jg zero, then its valye ; I zero,, 4

Property 12 : 11 4 and B are square m

atrices of the same order, thep I/IB[ -~|A[ II}I.
Property 13 : If'4 and B are square matrices of (e same order, then |A+B, |A’+[P} in "ener ll ’
a
o
4 a
Property 14 : Vandermonde determinant : | o2 2 A
1 ; g (aj —a,)
aln—l ;r—l

Def. Singular and Non-singular Matrix : A square matmx

is sald to be singular or non-singular
according as |J4| =0 or 4]0 . 4

3";

| ¥
@
| 4

_ be the ‘square matrix of order » and Ay be the

Def. Adjoint of 3 Square Matrix : Let 4 = [af‘*’

‘corresponding cofactor of aj; in |4, then the m‘ (r

b

. ’de,noted by adj. 4. Thus the adjoint of a matrix is the transpose of the
matrix formed by the' 0- fa7 fors'of A,

Propertles of ,adJomt ;

1

1.If 4 is anyn scjuale matrix, then A(adj. 4) = (adj. A) 4 =

|4 I, where I, is the unit matr ix of order .
7 \

2, IfA isa non smoular matrix of order 7, then |adj. 4| = A",

Proof IfA Is a non-singular matrix of order », then A(adJA) |A|I

1akmo determinant on both sides, we get | A(adj.4)| —“A| | = |4

adid|=|4' = la ddj=|4"
3.1f 4 is a non-singular matrix of order n, then |adj.(adj,/1)| =| A!‘"“T'

n-l

Proof': If 4 is a non-singular matrix of order n, then A

adjd| =

; - -1\t =1y
Replacing A4 by adj. 4, we get |udj.(adj./1)|=|adj.A| l=(|A| ') =|4"

www.risingstarmath.com i
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4. Generalization : 1f A is a non-singular matrix of order . then | (b

.1(I1¢1d| adj,(4)| = |4

Hum
. If 4 is a non-singular matrix of order » and k be any scalar then adj(kA) = k" adj (4)
6. 104 is a singular mateix of order 1. then Indi./llz().

7. Adjoint of a non-singular matrix is non-singular,

A. In words, double ddjoint of a

7]

If.4 is a non-singular matrix of order i, then adj. (adj. 4) = =2

matrix is the scalar multiple of that matrix.

Proot : If 4 is a non-singular matrix of order n, then Aladj.4) :|/1|I,,

Replacing 4 by adj. 4. we get ,
(adj.4)(adj.(adj.4)) = =|4"™'1, |ad| A=A

Multiplying both sides by 4, we get A /

A(adjA)(adj(adj.4)) =| 4| 4

= |41, (adj.(adj.A)) = | 4" 4 [ Aladj.d)=|4|I, ]

= adj. (adj. 4) = |4""*4

9. 1f 4 and B are two square matrices of same 01dev then adj( A+ B) #adj( 4) +adj( B), in generally.

10. If 4 and B are two square matrlces\of same oidex then adj. (4B) = (adj. B) (adj. 4)
11. If 4 is a square matrix then ad] s (adj A) where 4’ is the transpose of matrix 4.

Def. Inverse of a square matrix : Lét 4 bea square matrix of order . If there exists a square matrix

B of order n such that AB. = BA f I, . then the matrix 4 is said to be invertible and the matrix B is

called inverse of the matrlx A and is denoted by A~
Note : (i) If the matm B is inverse of 4 then 4 is the inverse of B.
(11) For the products AB and B4 both to be defined and be equal it is necessary that 4 and B are both

square matrlccs of the same order. Thus non-square matrices cannot possess inverse.

Properties of inverse :

. Inverse of a square matrix , if it exists, is unique.
2. A square matrix 4 is invertible if and only if A is non singular i.e. |4] # 0.

adj. A

3.1f 4 is a non singular matrix then A= P

4. A singular matrix cannot have an inverse.

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delh_i, Mob : 07838699091
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o square matrices of order 1 such that 4 is non-singular and AB =), then p_

-~

5 104 and IFare {w

Proof:

oW 15=0 = ATAB= 470
OW, ‘

= B=0.

1174 and B are two square matrices of order » such that A5 = /

Proof: We have, B=DB/ = B( IIB) (BA)B

= B~(BA)B=0

= (_I”'—'BA)B:O

2 | 4B=|1|=1
= [lg=1=0 = |B|=0

Using above result, (1) becomes I,—B4=0

® & /

factored as 1 Ior (-1)(-1).

-
Since A is non-singular i.c., |4 # 0, therefore A™ exists,

Zeby,

(Pre multiplying both sides by A )

s then g = /P

Smce A and A both have integer entries, therefore |A] and |A | are integers and thus 1 can be

'L‘hvus IA' fzi].

8. Reversal law for inverse : If 4 and B be non singular matrices then (4B)™'= B~'4!

9. Generalization of Reversal law for inverse : If 4, 4s,........... . 4, be non singular matrices of same
order then (Adyd) ' =47 4 .......... ;

10. 1f 4 is non singular matrix then (4')™ =(4™)", where & is any positive integer.
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1. W4 isa non-singular matrix then Il '|r:= l—'l
A

1.4 isa non-singular matrix then Ay'= Ay,
13,114 is a non-singular matrix then (udj./l)" =adj. 4™

14, 1f 4 and B are invertible matrices such that k4 +75 is inveitible then kB~ + 147" is also invcrtié!e.
Proofs A7 (kA+1B) B = kB 4147,

I5. 1f 4 and B are invertible matrices such that A+ B is invertible then 4™ + B~

Proof : Directly follows from above result. a1

16. 1f 4 and B are square matrices of same order such that AB= B4 = 0 and A + B is non

is also invertible.

-singular
then A"+ B" is also non- singular where £ is positive integer.

B 1

Proof: 4+ B isnon-singular = (4+ B) is non-sinaular":i 44 B* is non-singular.

17. 1f A and B are square matrices of same order such that AB BA 0 and A+ B is non-singular

then 4*—B" is also non- singular where £ is an odd posmve mteoer
Proof : We have, (A+B) =(4- B) .But 4+B is non‘-smgular

2 2
. and . r ) . > B, .
= (4+B) is ronssingular . {A4-BY is non-singular

. . % k. .
= (4-B) is non-singular (4-B)" is non-singular
£

= A -B'is non-singulaér" _‘ [ Since £ is odd so (4- B)k =4'-B"]

18. The reversal law for multlpllcatlon holds for adjoint, inverse, transpose and transposed conjugate

but it does not hold for'-’c i

Jugate
Def. Trace : The sum of the eIements of a square matrix 4 lying along the principal diagonal is called

the trace of 4 and is denoted by tr(A4).

Pmpertles of trace Let A and B be any nxn complex matrices and k is any complex number, then
1, lr(kA) ktr(A)

2, tr(A+B) =1tr(A) + tr(B)

3. t(4B) = tr(BA)
r(4B) # r(A)r(B), in general. In other words, tr(4B)may or may not be equal to tr(A)tr(B).
S w(ATy#£w(A) . in general.

0. tr(A4") =1tr(4)

e Matrices 13 ]

b
il
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modulus of cach element of /4.

i . 7 ‘ . aqy q
"+ We consider 2x2 matrix first and then it can be casily generalized, Let 4= 2|
Proof s We consider 2x2 mati A | (122"1;,

P4 .{j ,\

C.then A4 <[ A1 @2 \(@ Gy _[ My +apd,  a,a,, o, Y

here a;; € C. then = — = L
WAEEE Gy 1 dp \ap  ay and | +ayay, 1y +azz‘f22 )

/
‘a]1l2+\a12|2 011521 +a12a22 N 7

a1 +aya, |021l2 +lazz‘2

= tr(A4) =lq 1\2 +|a12\2 +\"21|2 +\a22'2

. o % BN NP
9. Letd bea nxn complex matrix, then trace of 44" isa non-nggatl\?e real number.
%

10. LetAbea nxp complex matrix, then tp (44" =0 lff;A"

=0 1ff A is a zero matrix.

14. Let 4 and B be mxn matr 1ces* “thex tr (A. B)=tr(B4" = tt(AB") = tr(B" A).

- There does not exist two Xn m%tnces 4 and B such that 4B— py =1,.

17 w(4BCDY= tr(BCDAY={CDAB) - tr(DABC).
%/‘.“";"'///
Exercise 1.1

4
k } and verify that (adj.A) A< 47,

S,
& N

& by 3
“ 1) Compute the adjoint of the matrix A=[ i

cosa —sina 0

(i) For the matrix | sine cosa 0], verify that (adj. A)A=|A|].

0 0 1
2 3 . . . -1 . -1 ay —-1\~} _
2. If 4= . . verify that — (j) (adj.A) =adj. 47 (ij) (A ) =4
)
L WWW.risingstarmath.com o
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[Chapter1

M'l!ncc o L T St ‘1“5““

I“_'s I 40 N S i o
=14 ol B= 25| verify that (AB) = B4

., |10 0ol " ;
I ;4—[0 -—i] and B:‘_Hi O}. == verify that (i) (AB) = B4 (i (ABY =B 4"

(]

o

2 3 v
- T | .4=|~5 _7] verify that (1) :(,1)
o. I I—[-1 i B At iV that (N AR =7 B a o -
? —L” sioof T ac; o | Veriythat() AB= A5 (i) (4B) =5 1
. cosa  sina A L7
7. 1f . :[ . ] then prove that s
-sin@  cosa 7/
.. cosna  sinna Wl
@ Ay A=Ay, (i) (4,)" = [ :| forevery positive integer .
—sinna cosna:| 1,
8. Ifaisanon

-zero real or complex numbel Use the pnnmple of mathematlcal induction to prove

1 a" nan—] ) /
thatif 4= , then 4" = for every po;'s"itive/ integer 7.
0 a 0 a’ |

&% .

0 1] .,
9. If 4= i O_I’ prove that (al +bA) =a"{-

! le , where / is a unit matrix of order 2 and n>0.

Mmoo T LR
10. If A={1 1 1/, then prove that A” CE e e every positive integer .
111 g ;

3n—-1 311—] 311—1

11. Let 4, B be two malmes such that they commute. Show that for any positive integer n

/wt'

() AB"= B"A A 7 (i) (4B)"=A"B"
12. Under \\!hat ;conditions is the matrix equation 4% - B% = (A-B)(A+B) is true ?
13,44 &:hd B arj’c{' square matrices of order n, then prove that 4 and B will commute iff 4— A 7 and
| Béﬂ-c‘dﬁamute for every scalar 4.
14, Give an example of two matrices 4 and B such'that
(i) A#0, B#0, AB=0 and BA#0 (i) A4#0, B#0O, AB=B4=0
I5. Suppose 4 is invertible. Show that if AB=AC, then B =C . Give an example of a nonzero matrix

A such that AB=AC but B#C,

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 078386990‘)1
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i Linear \\
6 Algep,

“l’( Find 2x2 invertible matrices 4 and B such that A+ B0 and A+ B is not il]Vcrtib]c.\=

) 110
2 . n
17. Lel ,1=“) ‘ and B=(0 1 1 (a) Find A", (b) Find 5"
9 1 0 0 I
5 2] . e 4
18. Let A= 0 i . Find all numbers & for which 4 is a root of the polynomial :
@ f(x)=x=Tx+10 0 g(x)=x*-25 © h(x)=x'-q
£ 3
Let B b Find i 3 _ ‘
C = < a matr ~ 3 _ . 'Y
19. Let 26 271 Ind a matrix 4 such that £*=p . P, ‘
20. Prove that for any 4, there does not exist a matrix 3 suchthat AB—B4=7 ; ,’tf
21. (i) Give an example of't i A )7
p Wo matrices 4 and B such that |A + B[ ¢| A|+| Bl i
(i) Give an example of two matrices 4 and B such that |4+ B| =|4 +|B[
€/
12.
14 1
0
15.
16.
17.
19.
, O]
21. (i B o
www.risingstarmath.com _—
- —eenntl

@ Scanned with OKEN Scanner



RISING Y STAR ACADEMY

. [Chapter Matrices 77

e s e e,

1.2 Some special matrices

Def. Diagonal matrix : / X A= [ ] is called a di: bt ¢
Q \ matrix 4 = | a, ., s called a diagonal matrix if ;= 0 for all i+]

In other words, a square matrix is a diagonal matrix if its non-diagonal clements are zero.

emark : iag ix e di sments ¢ Ci)
R An nxn diagonal matrix whose diagonal clements are d\,d,,....d, can be represénted. as

N

diag. (d,.d,,...,d,).

Propertics : #1

e

1. The sum of two diagonal matrices of same order is again a diagonal matfix of that order. i.c., if

dl dll (1+d|”‘.:\/1
d Prn

(I +d,
.then A+B=|% w D/

RN
Il
o
=]
o.
oo

|

d d ) d +d’

n n

2. The product of two diagonal matrices of same order is dégjn a diagonal matrix of that order. i.e.. if
d, d| 3 Y dd,

# V’;' dzndz' »
“ |,then 4B= g

dd]

rn

3. The scalar product of a d gonal matrix is again a diagonal matrix. i.e., if A=
29 Vi /‘
s / 2

¢ »/ kdl

PRRE 0 4 kd
and k is any complex number, then kA= :

Y o

4 -\lf'A is a diagonal matrix, then the positive integral powers of 4 is again a diagonal matrix. i.e., it

d, d)"

. III‘
A= i then A" = g . where m=20.

d d,

"

auz Khas Metro Station, New Delhi, Mob : 07838699091
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RS Liuear\
s Algebra
s 104 is a diagonal matrix and all the diagonal clements of 4 are non-zero, then A7 ig also 4
d,
‘ e d, Y
diagonal matrix. i.c., if A= . » Where d,#0 for i = L2,..,n, then
d,
l // d'
] / {J\ {
1" = . . g 1
' VAR
A, |
1/d My |
P9 - 4
of N 7 @

0. If.4 is a diagonal matrix, then 4 = 4" « In other words transpose of a diagonal
b . < |n

i R
s R 7

R dtrixeis eq
the matrix itself, AN 4 qual to

.
d, ;o
7. Pre-multiplication by a diagonal matrix - If D=
onal matrix of order
hQ @ .. q, d,
and 4 @G ay, a, 3 oy
nd 4= 2 22 m . (‘é
: . | beany nxm matrix, then P4 = - A,
M ’Ngl ‘ ’
@ Ay ...
nl n2 an/n dnanl dnanZ q,
n-"nm
. th - IRT
1.€.. I rowof4 is multiplied
g? dz
figonal matrix : If D= . is a diagonal matrix and

d"
day da, .. d.a,
. da da,, .. da
be any mxn matrix, then 4D = e i Gl .
d] aml dl aml sxe dnanm

N ,-l*_l;

“':"‘-\..’"3{‘(3‘.;' ®Column of 4 is multiplied by d,.

9. The determinant of a diagonal matrix is equal to the product of its diagonal elements. i.c.. if

A= L is a diagonal matrix of order n, then || = d,d,...d,.

www.risingstarmath.com L
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mlaptcr 1 Matrices

]

Def. Scalar matrix : A square matrix 4 is called a scalar matrix if 4 is a diagonal matrix and all
diagonal clements of A are cqual. ‘

Mathematically, 4 =[a”:| is a scalar matrix if
1

Ay

(i) a,=0  forall iz (i) ay=k, where k is any number
e p
Propertices :
1. The sum of two scalar matrices of same order is again a scalar matrix of that order. i.¢., if’
k, k, ky + k, A &
k k g W
5 ! ) k + kP
A= " and B= . ,then A+B= A 737
. A %
k, k, Ny k+k
2.
~ /”5« N i o e . k 1 z
3. The scalar product of a scalar matrix is again a scalar matrix. i.e., if 4= and k is
, e .
N
{ . kk,
/v. & kk]
any complex number,thel _
N 7 kk,
PN iy

4. If A'is a scalar matrix, then the positive integral powers of 4 is also a scalar matrix. i.e., if
2 112 4 k"

A— k . ,then A" = k _ , where #20.

28-A. Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/2‘),Ch,hotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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k
k
. " e if A= ' , Where
S I A= O) is a scalar matrix, then A7 g also a scalar matrix. i.c., ,
- k, |
1/k
| 1/ k
i -1 —
| fk=0.then 47 = . : "%
| : oy,
| 1/% /‘“
l’ v v.;(,';f.?‘\,‘ ‘\5‘
6. 1f.4is a scalar matrix, then 4= 4" In other words, transpose of a scalar matrix is eq;ggf_\}o ’tf]}‘-x ¢
matrix itself,
7. The determinant of a scalar matrix 1 equal to the product of jts dlagonal}s
A.
k i ) _
A= 1S a scalar matrix of order n, then |A| =k". R
k *

. . . o t."“‘:“:’,‘s":/ . . :
8. Scalar matrices are the only matrices which commute?@iﬂg@% STy square matrix of its order.
5 A U

&

Def. Upper triangular matrix : A matrix is an upper trianfv%ular matrix if all elements below the principal

diagonal are zero. Mathematically, A =|:a!.,.]m,1 1s&a:§ upper triangular matrix if a; =0 forall i> ;.

Def. Lower triangular matrix : A matrix 1s;j§§j‘“1gc1%lswer triangular matrix if al] elements above the
5}_‘ N ”};z.""i' 3
- - . N s A fﬁ’h; . . T 3 -
principal diagonal are zero. Mathq;nat;ca’lI&%A)‘*—““an] 1 .a lower triangular matrix if a,=0 forall i< 134
,{." {K"::i mn x .
Def. Triangular matrix : A matrix wlgch 1s either upper triangular. or lower triangular is called a
¥

st
i
4

triangular matrix.

Properties : & )
P e

1. If 4 and B are molJppcr ﬂl()\/zvcr) triangular matrices of same order, then 4+ B is also an upper
(lower) triangiilar iﬁ@tri%. ' ; A
2. If 4 and B"z’ifn;:.twd 'ifpper (lower) triangular matrices of same order., then AB is also an upper (lower) -}

trian gtflqr\.matr‘i'x.

..r/’:\\ ",

3]{ A jvswa‘_r}ffi';pcr (lower) triangular matrix and £ is any-complex number, then & is a'lsgﬁr an upper
_"({g\@;e;)vtriangular matrix, A : e 5
4. 1f A is an upbér (lo/we-r) triangular matrix, then the poéitive integral powers of A is also anupper o
(lower) triziné,ularAmatrix. Further, if (/,,c/z..,.,d“ are theﬂiz)anm clements of a tt'iangu_!zir:;});qﬁix;
then d", d;",...,d,’," are the diagonal elements of A", | ; .
5o lfA is an upper_(léwer)' triangular matrix and all the diﬂgon‘al elements of 4 are non-z_evro, then A

- isalso an upper (lower) triangular matrix.

]

www.risingstarmath.com
@ Scanned with OKEN Scanner



b
W,~ e e

R]SINC H STAR ACADFMY

L( h.l[ﬂ(‘l l \mec - J

6. 14 is an upper (Jower) trianeular matrix. then A" e s e i j

ppet( ) triangular matrix, then 4" is a lowey (upper) triangular mateix.
2. The detaing n - AP t5id g : S o
7. The determinant of upper (lower) triangular matrix is equal to the produzt of its diagonal elements
¢ “ s a3 CICINCHES.,
L 8. The trace of upper (lower) triangular matrix is cqual to the sum of its diagonal elements.

9. Every diagonal matrix is both upper and lower triangular, ’

i Defl Super upper triangular matrix : A matrix is said to be super upper triangular matrix i ali
clements below and on the principal diagonal are zer ati = i St
! | pal diagonal are zero. Mathematically, A ﬁ[a-'/l,—,,, is a super Wpper
©triangular matrix it @, =0 forall i> ;.
Def. Super lower triangular matrix : A matrix is said to be super lower triafigular matrix if all
clements above and on the principal diagonal are zero, Mathematically, A =['a] ~is a super lower
’ £ LI un o

triangular matrix if @, =0 forall /i< ;.

\ 4

Properties :

1. 1f 4 and B are two super upper (lower) triangular matrlces of same order, then A+ B is also a super

upper (10\\ er) triangular matrix.

9

. 1f 4 and B are two super upper (lower) triangular_Amatricésﬁ,,of same order, then 4B is also a super

upper (lower) triangular matrix.

. If 4is a super upper (lower) triangular mafri \angdi;’gis any complex number, then k4 is also a super

(%)

upper (lower) triangular matrix. = B \

4. If A is a super upper (lower) tlialgggilaf‘,gllﬁfrix, then the positive integral powers of 4 is also a super

upper (lower) triangular matrix. ..+

&
Vi
WA

. Inverse of a super upper; r) triangular matrix does not exist.

trlanoular matrix, then A" is a super lower (upper) triangular matrix.

. The deté-rmiﬁantf’Of sup‘é’r"’up' er (lower) triangular matrix is zero.

5
6. If A isa super uppe;r-(lq(v
7
8

. The trace of super uﬁper (lower) triangular matrix is zero.

5 Def. Backward dlagonal matrix : A matrix 4 = [ :' is called a backward diagonal matrix

E i ul,4=04 1‘gr‘all i, j suchthat i+j#n+l.

‘; Properties :

? 1. The sum of two backward diagonal matrices of same order is again a backward diagonal matrix of

§ that order.

4

| 28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
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. The scalar product of a backward diagonal matrix is again a backward dnagonaLmatnX ie., if

o . 0 d+d'

0 . 0 4 0.0 4 0 d,+d!
3
0 .. d, 0 0 . d' 0 &
ic.if 4= i and B = ’ cthen A+ B =
o .- ve Ve e . “ " ) ) " ()
d, . 0 0 e 0.0 d,+d,
] : ; a backward diagonal matrix,
- The product of two backward diagonal matrices may or may not be a backward : ag
4 : ‘ - aame order i % a diagonal
However. the product of two backward diagonal matrices of same order is always g
matrix of that order. A
~ ] P |
O . O dl 0 I 0 (II' CI!dn ;{f‘: \,Vl\ v 5
Ll - .
B 0 . d 0 0 . d' 0 ~ dyd, G,
e if A= and B = ,then AB = \. ;,
- L3 - e e e .o .. r'“e "
Ldn .- 0 0 d, ve 0 0 .’ é/ d d‘ ;J

u,\

[0 . 0 4 |
0 .. d, 0 i ~_
A= : and & is any complex number, then k4 =
d . 0 0 QF“’
\}

?\/
If 4 is a backward diagonal matrix, then the posmve mtegral power of 4 may or may not be a

backward diagonal matrix. However, the Rosmve%dd integral power of disa backward diagonal

- - 0 .. d o0
matrix while the positive even' mtegral pOWCl of 4 is a diagonal matrix. ie,if 4= -

1 d, . 0 o0
[0, WA amge [(dd,)" 1
- Foo P 4 ;’)ﬂll n i .
then A2m+! : ‘ Y. 0 ‘ 'l':,i‘ (/2 du‘: 0 and AZm = (dildu-—l)m
o (u a’“’“d”' P 0 , ‘
R W : L v ‘(d‘..d})m i 4
»\here m/{) 5 : i :

lf A isa ackward diagonal matrix and all the backward diagonal elements of 4 are non-zero then
;‘»', v J () . () (,)_ . -

' : 0 dy 0 :
A7 is also a backward dia sonal matrix, i.e., if 4= oy MO e, i T
N é ¢ Wy g X [} Where (t# 0 for 1' :L 2’."’,1

UWWW PICinaotowaa. .
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6. 14 is a backward diagonal matrix, then A" is also a backward diagonal matrix,

[0 . 0 4]
S 0 . (7,: 01, . . . Al O
7. f 4= is a backward diagonal matrix of order 7 . then det(A)= (=] )I’J dyd,-d,
L% U | |
K 0 d] B
: . d, 0, & /9y 0 ifniseven
8. If A= } 1s a backward diagonal matrix of order nthen-tr(4) = d ifn is odd
d, . 0 0 ’

. Properties :

“1he product of two backward scalar matrices of same order is always a scalar matrix of that order.

RISING" _*51 AR A ADFMY

. [Chapter1 __ Matrices 23 |

0 L0 1d,
0 . d, 0

14

0 0

'
F

is caliéd a backward scalar matrix if

Def. Backward scalar matrix : A matrix 4 = [a,,.;'?"

xn
75N

i+ j=nt]

1. The sum of two backward scalar matrices of same order is again a backward scalar matrix of that order.

0. 04 [0 . 0 & 0 . 0 k+k
0 . 0 k0 0 . k+k 0
ie.,if A= . . .then 4+ B = v

|4, 0 O_] k. 0 0 ktk, . 00

2.”The product of two backward scalar matrices may or may not be abackward scalar matrix. However,

0 . 0 K 0% 0 &, kk,
0 .. &k 0 kk,
ie.if 4= b iy 0 and B = “ ,then AB= 3
k. 0 0 ko 00 kk,

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
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6. If A is a backward scal i thea N
- If 4 is a backward sca armatr% ,J:; %9,74

— —— . e m——— Linear Alg
hr' *
24 e 4
e £ g | ckward scalar matrix. i.e.. if \
3. The scalar Product of a backward scalar matrix is again a b -
0 L
0 1
5 ]0 ky 0 kk, 0
. (@ 0 —4
4= ' and & is any complex number, then kA oLk
ko0 o S
1
may or may not be 3
. I disa backward scalay matrix, then the positive integral power of 4 may ichoroati p
is a backward szaly, 4
backward scalar magriy. However, the positive odd integral powers of 4. %
0 k2m+l
2m+1
then AZHH[ o O k O and A2m .
k2m+l 0 O
i‘;vh
3. If A(=0) is a backward scalar matrix, then 4™ is alsg, z?gacl;_wald scalar matrix. i.e., if
Y/
0 0 % : *\yO 1/k
0 k 0 1/ k0
A= » Where £#0, then 47"
k 0 0 P 0 0

% 0"3
“Salso a backwald scalar matrix.

(4)=(-1l3] e

if n is even
if i is odd

is a backward scalar matrix of order n,then tr(A4) ={ 0.
SIaT
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Exercise 1.2

l Find all real triangular matrices A4 such that A* =B, where (a) R:[ : 2‘] (b) [ff[ P4 J
z 0 25 ' -

gl

1 8 5§
2. Let B=[0 9 S| Findatriangular matrix 4 with positive diagonal entries such that f*=p .~
00 4

3. Using only the elements 0 and 1. find the number of 3x3 matrices that are :
(a) diagonal  (b) upper triangular ~ (c) non-singular and upper triangular. Genetalize to”
X1 matrices. A L7

4. Let D, =kl . the scalar matrix belonging to the scalar k, show that :

P

(a) D, A=kA (b) BD, =kB (©) Do+ Dp=Dy, P, () D,D,=D,
5. Suppose AB=C. where 4 and C are upper triangular. 57""
(a) Find 2x2 nonzero matrices 4, B, C where B is not’ uppel mangular
(b) Suppose 4 is also invertible. Show that B must also be upper triangular. |
6. Give an example of two matrices 4 and B such that AB “BA but neither 4 nor B is a'scalar matrix.

7. How many nxn complex diagonal matncesA ale there which satisfy 4°=A.

l' s
R4

8 HO\\ many 72xn real diagonal matrlcesA afe ihere which satisfy 4° = 4.

P %)

/' Answers

o’

2 3] [-2 31 Te =71 [2 7
B _ 5y b 2.
-0 o3 [0 SHET T ] o

- 0

o
o W N

1
1
2

. 3. All entries below thc dlagonal must be 0 to be upper triangular, and all diagonal entries must be 1

. tobe nonsingular. (a) 8: 2° (by 25272 T (o) 2% 2R,
Y1 12| L[4 6] l 2] [2 2]

~ 5 , Be sl = 6. A= , B

_ (aM [0 0]'3 [3 4}’ _[0 o] [3 [ 32

1 7 541 ’ 8. 3;:
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N 2 ey
1.3 Symmetric, skew-symmetric, hermitian and

y " ] . v & IC ifA =4 3 or
Def. Symmetric matrix : A square matrix 4 is said to be symmetric if Ad
A square matrix 4 = [n ] said to be symmetric if ay = ay for all 7 and .
a h g I Jf - - 241
Examples : 1.8 : \
xamples : 5 <4 h b fl,|1=i 2 342 P ’%"
; . . \’.:.':-‘5‘5
g h ¢ 240 3+2i 3 fﬂ?‘ J‘
Wi
Def. Skew-symmetric matri iX : A4 square matrix 4 is said to be skew-symmetric 1f/1,‘ 4 y e

or
A square matrix 4= [a(,] is said to be skew-symmetric if @, =—a, for all"";
0 a b 0 i

0 —4
Examples : - -
p [4 0 :,, ar w05 g i 0
—c 0 =2 =1+i

Properties :

N
=
-]
[¢]
e,
8
Q
@]
=3
£,
o
[¢]
=
(@)
=
-
w
o
o
V]
wn
~
(¢}
%
w2
< g
E -
=
a
5
o |
(¢}
=
o
g
>
£
o
4
N
(¢}
-
o

(V3]

. If 4 is a square matrix, then
(i) A +A'is symmetric
YN
4. If A is any square matrix, theng” K

5. If 4 is symmetric then k4 is symmetrlog where £ is any number real or complex.

a%,/

6. If A is skew-symmetric then kA is skew-symmetric, where & is any number real or complex.

es of same order, then_

7. If Aand B are symmetl ic

ré
(i) A4+ B, A=B. AB+BA are

symmetric (ii) AB — BA is skew-symmetric
(iii) BAB, ABA ale symmetnc
8. If4 and B ale skew symmetric matrices ofsame mder then
(1)A+ B A B AB — BA are skew-symmetric (i) AB +BAis symmetric

(m) BAB, 1BA are skew-symmetric.

9. ”}1 ‘and B are symmetric matrices of same order, then ABis symmetrlc iff AB = BA.
10. 11 A and B are skew-symmetric matrices of same order, then 48 is skew-symmetric iff 4B = B

11, If A and B are square matrices of same order then B'AB is symmetric or skew—symmetrlc according

as A is symmetric or skew-symmeltric, ‘
12.1fAisa symmelric matrix then 4" is also symmetric for all pasitive i mtcgels ”

13,1f 4 is-a skew- symmctllt matrix then A" is symmetric lfn is a posmvc, even mteoer 1ndA lS

www.risingstarmath.com '
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f(‘lmp(cl 1 o Vlaln('c_ o - s, 27 |

skew-symmetric if 7 is positive odd integer,

A4 s a non-singular and symmetric matvix then adj. A is also symmetric.

—_—
¥

A4 is a skew-symmetric matrix of order n, then adj. 4 is symmetric or skew-symmetric according
% B > C

as 1 is odd or even.
- 10. Determinant of a skew-symmetric matrix of odd order is always zero.

17. Determinant a skew-symmetric matrix of even order with integral entries is always a pcrfcu Square.

18. Zero matrix is the only matrix which is both symmetric and skew-symmetric.

b/
g

19. Every square matrix is uniquely expressible as the sum of a symmetric matrix and a skew symmemc

matrix. Vit S
i, ;‘/ A7

- Def. Hermitian matrix : A square matrix 4 is said to be hermitian if 4° =A N

or

A square matrix 4= [a,,] is said to be Hermitian if a, = a_" for all.iand j

i g 1 240 1-2i
; —i .
Examples : { . }, 2—-i 2 3i
: 3+i 2

1+2i -3i 3

- Def. Skew-hermitian matrix : A square matri —4

rmitian if a, =—a, foralliand;.

| A square matrix 4= [a,.j] is said to'be skew:h

g - i d+i 2-3i

*-;.‘;Examples . . v, St

-3+5i . .
- ~5+i 4

} Properties :

g 1. The dlaoonal e]ement of a hermitian matrix are purely real.

2 The dlag,onal elements of a skew-hermitian matrix are either zero or purely imaginary.
: If Aisa squarc matrlx, then

j’(')A + A" is hermitian (i) A — A" is skew-hermitian

N lf A/is any square matrix, then 44" and A’ A4 are both hermitian

5.1f 4 is hermitian then k4 is hermitian, where £ is any real number.

. 6.1f A is skew-hermitian then kA is skew-hermitian, where & is any real number.

: 7.1f 4 is hermitian then id is skew-hermitian.

8 If 4 is skew- hermman then id is hermitian.

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
- 439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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9. If A and B are hermitian matrices of same order , then

(iyA+ B, A-B. AB+ B arc hermitian

(iii) BAB, ABA are hermitian.
10. If 4 and B are skew-hermitian matrices of same order, then

(i)AB - BA is skew-hermitian

(i) A+ B,A- B, AB— BA are skew-hermitian (i) AB + BA is hermitian

(iti) BAB,ABA are skew-hermitian

/

A4

I. If A and B are hermitian matrices of same order , then AB is hermitian if and only if 4B =BA4:

12. If A and B are square matrices of same order then B AB is hermitian or skew-hermitiaﬁ'/b"ccording
My YO

as A is hermitian or skew-hermitian.

even integer or an odd integer.
15. Determinant of a Hermitian matrix is always real.

16. Determinant of a Skew-Hermitian matrix of

(i) Even order is always real (ii) Odd mdems eit

17. Every square matrix is uniquely expressible as the sum of a hel mitian matrix and a skew-hermitian

3
D
7
," y 9 &

matrix. ‘ ,

18. Every square matrix 4 can be uniquely e)\plCSSLd as A= P+iQ where P and Q are hermitian

matrices.

skew- symmetric. ' 1
\\ o ,"'

20. Every skew-hermitian matn\A car be written as 4 = B+iC where B is real skew-symmetric and

C is real symmetric.
21. A real matr IX lS helm\?ﬁan iffiit is symmetric.
22. A non-real symmemc inatl ix cannot be hermitian.
23. A non-r ealhermltlzm matrix cannot be symmetric.

74 A leal\matl i’is skew-hermitian iff it is skew-symmetric.
3 A non rcal skew-symmetric matrix cannot be skew-hermitian.

2( A non-real skew-hermitian matrix cannot be skew-symmetric.

45 3
Example 1: Express the matrix A=|-2 7 8
-4 -6 5

matrix.

» wicingeta rmnfh.COm

........

as the sum of a symmetric and skew symmetri¢

i

i

@ Scanned with OKEN Scanner



i s

RN TR ST

g\.)

[Goapier Mathces —————— _
o ki 9 J'
- Al 5 3- !4 _-2 v—J. »5’
Solution - Let A=[=2 7 8| then 4'=|5 7 ¢ l
oo 28§ 3 8 5| E
_ § 3 - 0o 7 7] ;
.. ca ] a ‘
 Now., A+4'=13 14 2 and  A-A'=|-7 0 14
-1 2 10] ~7 14 0
] 5 r 1 7 '3
Y 0o - 1 | |
- - 2 .2 ’
1 ' 3 ] 7 r »
=  —(+D=|2 7 1| ad  L-ay=|-L 0. 7( 7
2( ) > an 2(4 {) ; 05 7 /
{ 7 N
-— 1 5 _f :
L = | Y,
) I 1 '
Since 4 = —(4+ 4)*—(A A') where E(A+A ) is symmetric and L/ (A A) is skew-symmetric.
I Z“ 7]
[4 5 3 X 2 2 2 ¢
Therefore E -2 7 8|= 5 7 1 |+ _% 0o 7
i P, ‘
i—4 -6 5 |
_l 1 5 _Z_ ‘-7 0
L 2 A7 4 2 )
.~ Exercise 1.3
/% 12 x 3 7 -6 2x
1. Find . y. z such that 4 isisff}a/riiétric, where (a) A=|4 3 y| (b)) 4=y = -21.
| %14 17 x 25
Suppose A and B are sym metric. Show that the following are also symmetric :
(a) A—-I; o B (b) kA, for any scalar k (c) 4
| ~"(d}i/i . erﬁ>O (e) f(A), for any polynomial f(x).
v, -1 7 1 ‘ '
3. fsﬁﬂrz:‘ss thematrix | 2 3 4 |[asasum of a symmetric and skew-symmelric matrices.
5 05
28-A. Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699(;?)12122
139729,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728
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0 5 3

-2 1 AR o
b Bxgress A= PR ! as a sum of a symmetric and a skew-symmetric matrix.
4 -4 -2
3 x+2  yi
‘ind re . - +zi
5. Find real numbers x, v, = such that /4 is hermitian, where A=|3=2i 0 ]

yi | —xi -1 ' A

6. Suppose A is a complex matrix. Show that 44" and A" are hermitian. .

7. Let A be a square matriy, Show that (a) A+ 4" is hermitian, (b) A=A is skew- he'm'“a” (0) 9
A=B+C !

y"',_ k
o

» Where B is her mitian and C is skew hermitian. Ve 20 4

(r y 4

8. Express the following matrices as a sum of hermitian and skew-hcrmltlén malnces

2 140 243 T-4i 2 3+5:
M [2-i 142 - iy | 3i ( |
2-4i 3-2i 445 —'31'

9. Let 4 and B are two hermitian matrices and 42 + B2 =

&i\
AnsWers f’/
\

1. (@) x=4, y=1, z=3, (b) x=0, y=—-6¢, zanylealfnumbel

- a4 I o 1 1 -1
=] 9 2 2
2 3 5

0 11 4 2| |21 0 2 2
= 447 = 2 o 2
i 731, 1.5 .3,
2 2 2 7] |32 2 ]

7. (c) Hint : Let B:%(A+A') and C:%(QA—A’)

3+2i 4+7i] 0 -l =
2 347 | + 1 4; 3-3;
3—i 8 =7 3-3i 10

N —

2+3j 3-3i|+ =] -2+3i 12i ~|-5j
3 8i 3+3i 6 | | -3+2i 1=5i 0

N | —

2-3i 3+8i] [ -8 2+43i 342
(u) =

www.risingstarmath.com
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1.4 Orthogonal and Unitary matrices

- Def. Orthogonal Matrix : A square matrix / is said (o be orthogonal if AA"=A'M =T . Itis clear

i from the definition that if the matrix A is orthogonal then 4™ = 4

\ B ‘ 086 —sin

pr Example cos@ -—sinf| [1 0 L. 0 5"100 : R VA

¢ xan NI 5 , | sin S6 - Tk
B : sind  cos@ | |0 -1 el B LA i
: 0 0 I 0 0 -l o o
cosa 0 0 sina|[1 0 0 0 -
0 cosB sinB 0 0 0 -1 0 i
0 =sinf cosp 0 [0 -1 0 0[|_7 ;
8 -sinad 0 0 cosa| [0 0 0 -I - &
- Remark : In a matrix, if every row and column contains exactly onfgi)e,l(elpgg.t:from the set {l.-1} and
& _ all other elements are zero, then the matrix is orthogonal.
j-‘ Properties :
| 3
- 1. (i) The sum of two orthogonal matrices need not be orthooonal i.e., if 4 and B are two orthogonal
g matrices of same order, then 4+ B may o) ’r/nay not be orthogonal.

‘B (i) If4 and B ae two orthogonal matricés§ sa e order, then 4+ B is orthogonal iff
5 AB'+ BA+I=0 '

/‘ )\t / i
Proof : Since 4 and B are ort , thérefore we have A4'= 1, BB'=1]

;
.J - Conversely : suppose A+B is onhogonal ie., (A+ B)(A+B)' =t
| = AtAB4BABB'=]
E S I+ AB+BA+I =1
by = AB'+ BA+I=0
; 2. The prbduct of two orthogonal matrices of same order is again an orthogonal matrix of that order

3. Generalization : If A, A,,.... 4, be northogonal matrices of same order then their product

AA,... A, is also orthogonal.
(i) The scalar multiple of orthogonal matrix need not be orthogonal. i.¢., if 4 is an orthogonal

matrix and k is any complex number, then k4 may or may not be orthogonal.

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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32 Lmear A'gebra

(i) If A is an orthogonal matrix and k is any complex number, then 4 is orthogonal iff f = 4,
Proof : Since 4 is an orthogonal matrix, therefore we have AA'=17

Now, (KAY(kA)' =k>AA' = kT = 1 iff k* =1 i.c., k=]

N

If.4 is an orthogonal matrix, then any positive integral power of A is also an orthogonal matrix

6. If A is an orthogonal matrix, then A~ is also orthogonal.

7. 1 4 is an orthogonal matrix, then A’ is also orthogonal. A
8. The determinant of an orthogonal matrix is +1. A -"_:::*
a5 R
OR ol &
The absolute value of determinant of an orthogonal matrix is unity. /‘ ' -;;//
9. An orthogonal matrix is always non-singular. N :”;: g i 7

Def. Proper and Improper orthogonal matrix : An orthogonal matrix is said to be proper or

improper according as [4|=1 or |4|=-1 A

10. If 4 is an orthogonal matrix with |4| =1, then each element of A ;§<equaj fo its cofactor .

11. If 4 is a orthogonal matrix with |4 = — 1, then each element of A L§ equal to negative of its cofactor,
W
Def. Orthonormal set : A set of vectors {v,,vz, = } is sald“to be.an orthonormal set if <v,,v, >=0
b4

fori# j and <v,v, >=1for all i. e.g. the set {(+1 0, O)g\(ﬁ,i‘l 0),(0, O,il)} is an orthonormal set.

12. A matrix is orthogonal iff its rows (columns)’ fox m an orthonormal set.

13. The number of orthogonal matrix o%qnd&l M Wlth entries from the set {0,1,—1} is 2" n!

— . 7 f":: \ \§’¢\. ;
cos® -sin@| [coswd £sinnf] N )
14. | . =] . \eiie s where # is positive integer
sin@ cosB sinnf  cosnd [
g 4l
cos0 €osnb —sinnd 0
. £ e
15. | sin® 9; cosnb 0|, where 7 is positive integer.
0

0 g B h

and AA' =~
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| (Clpier ™ v
2 &
Similarly A'4 = 1. Hence A is orthogonal and A4~ = 4+ ! )
! =2 2 -l

- Def. Unitary Matrix : A square matrix A is said to be unitary if A4 = A"A = I . It is clear from the

~definition that if' a matrix A4 is unitary then 4™ = 4°,

| 0 . 0] [0 . 0 4
 F—— l{”’ —1+;][0'" 0} 0 % W 0] [0 .. 4 0

20 1+i 1-i 0 e 48 5
0 0 w #i| [+ .0 (0
Note : If each element of the matrix 4 is real, then 4 = A4
'; © So, a unitary matrix whose elements are all real, is an 011h0g011a15§{5;fri;<::l‘ 4
i \

Remark : In a matrix, if every row and column contains éx ne element from the set {¢”: 4 < R}
'Y; -

7
5

7_3 (i-.. unit modulus) and all other elements are zero, then th matrix is unitary.

E)

Properties :

AB"+BA +1=0

Proof : Since 4 and B are
{

7

Suppose, 4B + BA+

Now, (A+B)(A+B) #(A+ B)(A' +B')
Yo :;/

4 " = AL 4+ BA + AB' + BB
ol =L4BA AR+
!}"i‘_;-;‘,f . i ]

A+ B is unitary.

- Conversely : suppose A+ B is unitary. i.c., (4+B)(A+B) =1

= AL+ AB +BA" + BB =1
= T4AB +BA +T=1
= AB ' +BA"+1=0

S 28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
' 439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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atrix of that order,

- T L%

. " , ‘ ity M
2. The product of two mnitary matrices of same order is again a unitary

3. Generalization : If 4, , Ay, be p unitary matrices of same

isalso unitary.
\ a unitary matrix an
4. () The sealar multiple of unitary mais need not be unitary. i.c., if 418 dk

any complex number, then g May or may not be unitary.

‘e 1112
2 ~ N N s Y i1 llr k = l .
() 14 is a unitary matrix and k is any complex number, then k/ is unitary | I

Proof’: Since 4 is a unitary matrix, therefore we have AA4" =1/

NoW. (KR = kkdd* = |k 1 < 1 3¢y k[ =1.

5. If4is a unitary matrix, then any positive integral power of 4 is also a umtary malrl Xy’

8/
6. IfA isaunitar Y matrix, then 4!

is also unitary.
7. If4disa unitary

3.
9.

matrix, then 4’ is also unitary.
The conjugate of a unitary matrix is unitary.

D

. ’ v, . &
The transposed conjugate of a unitary matrix is unitary.

10. The determinant of a unitary matrix has absolute valugxgxl In othe words if 4 is unitary matrix

then l+1| =e®.0eR or ‘AI e S

N where a* +b* ;t(é\
a’ +b §3 S 4
11. A unitary matrix is always a non-singular maﬁ’d”x

“@J’_

5
1tj .

12. A real matrix is unitary iff it is orthoconal 5’

¢ U 1|=14+2i —4-2j
Solution £ Giventhat 4= 3

,’1 ~1+2i. 2-4i| <l ~1=21 2+4i - 4
Then, /A =g[_4_2,- o] ARRE(A) sl~4+21 24i17 "
3
|| =142 —4=2i|| =1-2i" 2+4i] | [1+4+16+4 0
0 T L —— .
Mow A4 =2_Sl:2-—4i ~2—i |[|=4+2i -2+i| 25 0 4416+4+1

_1[25 0] [i .0,'1
2510 25 *‘0{1 e

www.risingstarmath.com
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~Similarly 4%4 = 7. Hence A is unitary and hence 4 Ll 2 di [ A= A7
~442i ~24il"" B

Def. Normal Matrix : A square matrix A is said to be normal if A4" = AA,

e

Properties :

1. (1) The sum of two normal matrices need not be a normal matrix. i.c., if 4 and B are two- norma[

e ——TTT

matrices of same order, then A+ B may or may not be a normal matrix. ! .
i (it) I 4 and B are two normal matrices of same order such that AB" = B A and /J B 3:4’ then
‘ A+ B is also a normal matrix. A ’/ ,'
f Proof : Since 4 and B are two normal matrices, therefore we have 4A' -A'A and BB =B'B.
Now,  (A+B)(A+B) =(4+B)(4 +5) = AL +BA 4AB +BE
E =44+ A'B+BA+B'B —A(A+B)+B(A+B)
: =(4"+B")(4+B) +:B))(A+B)
i ‘ = A+ B is a normal matrix. g
E - 2. (i) The product of two normal matrices need, not be noﬁ?al i.e., if 4 and B are two normal

matrices of same order, then AB may’or 1ay ot be a normal matrix.

(ii) If A4 and B are two normal matrlce 4.of same order such that 4B° = B4 and 4'B = BA". then

AB 1is also a normal matrlx

Proof : Since 4 and B are two normal mat1 ices, therefore we have 44" = A4"A4 and BB = B'B.

Now, (AB)(AB)"‘—(AB)(BA) = A(BB")A" = AB'BA" = B'(AA")B=B"A'AB = (4B)'(4B)

= AB i is & noxma
The scalar mu]lele of‘normal matrix is again a normal matrix.

Ifdisa normal malrlx, then any positive integral power of 4 is also a normal matrix.

E 5. If/i is a normal matrix, then A’ is also a normal matrix.

: | Every real symmctm real skew-symmelric, hermitian, skew-hermitian, real orthogonal and

umlarv matrix is normal.

L 7. A normal matrix need not be symmetric, skew-symmetric, hermitian, skew-hermitian, orthogonal

or unitary.

28-A Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29 ,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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INg matrices are proper orthogonal or improper orthogonal :

Exercise 1.4
1. Check whether the follow

% 2 3 35 "
3 (i) = (iii) [I 2}

I
- s —i ]
d 13 7

(@

IS S

e nlw

N
w

. Prove that am

arix 4 =[a] of order | js orthogonal if and only if @ ==1. . 4

.5

/ =N a b . 1 ,..”“‘u
3. Show that the matrix A= is orthogonal iff 4 = a b or 4. where %d\bz ;‘x
c d & '{I b gg
™ «

-b a b -a Y
af 4

- Y : . A1
= 4P, where P is non-singular, then plove}vl){%t P\l{/ 18
f 7 v

|,

4.1f A is an orthogonal matrix and if B

orthogonal.

. I 5 "‘ . ; u ‘- . 1
f A is symmetric and P is orthogonal, then show that P~'AP is symmetri¢
6.1f 4 and B commute, then prove that C

S

'AC and C'BC commute if C&L)S 0

7. lf i ’ - = . A
A is skew-symmetric and 7+ 4 18 non-singular, then prove that
' | -

orthogonal. -y e

L.
8. Show

e
=

he f : : \ /%
that the following matrices are unitary and hence }Iﬁd their inverse :
| 4

a+ic =b+id
b+id a-ic

9. Show thatl\e\‘nam\ 4 ={ :l is un‘itary if and only if_ a’ +b? +c? + d*=1.

s fl'\Q:,\, Showthat if 4 is hermitain and P is unitary, then P~ APis hermitian.

b

11 If/hs unitary and hermitian matrix, then show that 4 is involutory (A2 =7 )

12. If 4 is unitary and B = AP where P is non-singular then PB™' is unitary,
13. If 4 is skew hermitian and (4 — I) is non-singular then (4 + DNA-D"is unitary_

14. Show that the following matrices are unitary :

www.risingstarmath.com
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g
. [ Chapter 1 Matrices ]
B N
E  \ - 0 0 i 00 i 00 ¢ Ol 0 0 i
F(l) 0 7 0 (i [0 1 0] Gih|o o 1 (iv) g0 (v) {0 =1 0
g 0 0 - 00 1 0 - 0 b Ptk 0
0 0 0 - -
1S, Wha't do you notice in above matrices,
- 16. Show that the following matrices are orthogonal and hence find their inverse,
12 Y
b 304 33 4
‘ 5 5 5 2 1
. (1) i = =
4 R
575 2 2
: 3 3
p‘.
b (1,2)

18. Find a 3x3 orthogonal matrix Pj\wﬁl\)ge ﬁlSW o rows are multiple of :
£ _by,3.1) and (1,0-1)

- 19. Suppose 4 and B are orthogonal m%atx‘iées. Show tht A", 4™, AB are also orthogonal.

1 11

2, -4 1 2
20. Which of the following m s are normal ? A=|: 3 ], B=[ 5 3 } C=|0 1 1
: & // ? b~ | 0 0 1

81 Determine ’whichy'of”the following matrices are unitary :

. i B o I =i =1+
. ; A= 2 2 ’ B=1[:+’_ :—’}’ C:-})— i 1 1+i
V3o st T “Diei =f+i 0

<,
S — —

2 2

~22. Suppose A and B are unitary. Show that A", 4, ABare unitary.

R , 3+4i | % 0
& 23. Determine which of the following matrices are normal A=| ; 5430 and B= o g

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122

G Scanned with OKEN Scanner



38 ? | Linearm
ﬂa_
Answers SR

L. (©) Improper orthogonal. (if) Proper orthogonal (iii) The matrix is not orthogona|.

I i
0 - - — ’
0 i) | (1ii) ———-\/5 =i -1 (iv)

16. (i)

Lls »w

£§ /;:;:i i‘\::{;
& )
-4
- ! §%§? -
3 REY
\‘s "V

17. (a)

wnls uw
o

3
: 5 A

8. (a)

RS S i on

Cl
=

wWww
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- idempotent matrix.

XS A+ AB+BA+B=A+B =  AB+BA=O ... ()
: 'v:f,‘. :Pre-multiplying (1) both sides by 4, we get AAB+ABA=0 =  AB+ABA=0 ... ()
b “Posl-multiplying (1) both sides by A.we get ABA+BAA=0 = ABA+BA=0 ... 3)

i By (2) and (). weget AB=B4 )

& ’By (1) and (4), we get AB=BA=0.

Def. Idempotent matrix : A square matrix 4 is saj

2
R o B A TE I VAR V2 ol Y €
- Examples : Zero matrix, identity matrix, {0 (ﬂ 22 U3 173 173 b 2 A
L] ' 13 3em3
) 1/3 1/3 1/3 M4 W
L 3 A 3 Z v 3 -
Remark : The matrix A =[a,],,, where a, == forall 7,/ and #>2 is an idempotent matrix, i.e.,
n V,
| L L
[tn Un .. UUn P 7 n T on

RISING % STAR ACADEMY

Dt‘l’“" 1 e M"".'}_':\_ B A e e —59— -]

1.5 Idempotent, Involutory and Nilpotent matrices

aid to be idempotent matrix if A* = 4,

I/n 1/n .. 1/n
3 : : : n | is also an

/n 1/n ... 1/n

Propertles o
l (i) The sum of two ldempotent matx 1ces'need not be an idempotent matrix. i.e., if 4 and B are two
idempotent matrices, then A + B may or may not be an idempotent matrix.
- (ii) If 4 and B are 1dempotent matrices of same order, then 4+ B is idempotent iff 4AB=B4=0.
Proof : We have A‘ A\ B2 ”B

Suppose AB= BA o
-.NO“' (A+B) —A2+AB+BA+B' =A+B*=A4+B
. b - A + B s ldempotent

; Con\erselv suppose A+B isidempotent. i.e., (A+BY’ =A+B = A +AB+BA+B = A+B

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
- 439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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tent matrix. i.e., if 4 ap
2. (i) The product of two idempotent matrices need not be an idempo iy dBar

otent matrix.
two idempotent matrices, then AB may or may not be an idemp

o roduct AB is algq ;
(i) 1.4 and B are two idempotent matrices such that 4B = BA, then the p 150 iqep,

pO[Q‘

. 2 2 =B f “l,

Proof’: Since 4 and B are idempotent matrices, therefore we have 4° =4, B |

=R

Now, (A4B) = 4BAB = AABB = A*B* = AB ( aBEeg)
= 4B isidempotent, /3

3. (i) The scalar product of an idempotent matrix need not be an idempotent matrix. i.e., if 4 ; i

§

)

L)

/ ¢
(ii) If4 is an idempotent matrix and k is any complex number, then k4 is an ldemp tent Matrix iy
k=0,1. *;/T' /5 \) g
‘..\\ ‘\3‘1:7’ ;

Proof : Since 4 is an idempotent matrix, therefore we have 4* = 4 // \

Now, (kA)'=K'A’=KA=kd iff k> =k ic, k=01, N

idempotent matrix and k is any complex number, then k4 may or may not be an ldempolc

D
- If 4 is an idempotent matrix, then the positive integral powers of \ISg als 0 an idempotent matrix,

. . A Y{‘ . A
J. If A is an idempotent matrix, then 4" is also an 1dempotent matpixe”

If 4 is an idempotent matr iX, k£ is a complex number and
{>

v isa posmve integer, then (k7 + 4)"
be expressed as the linear combination of J and A

can

Proof': As 4 is idempotent so 4" = A\fOI all 77>'P Fu1 ther k7 and 4 commute with each other $0

(kI +A)" can be expanded by Bj\ﬂomlgl Theorem o)
& ,«"‘“"\
(KT +A)' =k"I"+"C,(k])"

A+ "C*) ZD)T A C(kDA™ +"C . 4"
%

\

=k"I+ "g,/c""'A +"Ch" A+..+"C, - 4

ey n n- n n n n
: wkakz ~+'C, |4 = =K' T+[(1+k) ~k"]4
7. If Ais an 1demE)otent matm then /- 4 is also an idempotent matrix.

Proof SmceA ns;an idempotent matrix, therefore 42 = =4.

4

Now (I A) =I1-24+A4=1-24+A4=]—4

8 The dctermmant of an idempotent matrix is always 0 or 1.

5t TR

9. Converse Is not true :- If determinant of a matrix is 0 or | thep ; it may or may not be 1dempotent

ant of a matrix is different from 0 and 1 then it cannot be 1dempotent

I1. The trace of a nxn idempotent matrix always belongs to the set {0’]“_,"._, } ' -

12. Converse is not true :- If trace of a nxn matrix belongs to the set {0,1.2,....,11} then it may or! ay-

10. Contrapositive :- If determin

not be idempotent.

Www.risingstarmath,com
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long to the set {(l.l.Z,..un} then it cannot be

_ Matrices

PO e

13. Contrapositive = [T trace of a nxn matrix does not be

idempotent.
14. Identity matrix is the only non-singular idempotent matrix. In other words. if 4 is idempotin and
A= 1 then |4]=0.

15. If a diagonal matrix is idempotent then each diagonal clement is either 0 or 1.
16. Number of n#xn diagonal idempotent matrices is 2",

17.1f 4 is idempotent then adj(4) is also idempotent.

Def. Involutory matrix : A square matrix 4 is said to be involutory matrix if 4’ =]
10 . 0 0 .. 0 1]]O0 .. 0 -1

0 &=l &4 0 .. 10 . =
Examples : I, ) ° bo

0 0 . #] |1 .. 00| |-1 .. 0 0

9

If # is an even positive integer and d,, d,,....,d, are non Zeroicomplex numbers then the matrix

2 k P ;
i 0 aes l— ;w )
O d O 0 0 5 + 21
i 0 1
1 is an involutory Hfatri o Lo o
0 =" 1
d, 1
1 — 0 0
— 0 0 | 5+2i 1
 d,

78-A_ Jia Sarai. Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Ch,h0tu Ram, Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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02 R ‘
——— s vy complex numbers then the pa.
1T 7223 is an odd positive integer and o, dy.....,d,; 41C IS0 O ]
=
00 0 0 o o o o dy
000 0 0 9 g o4 0 » 0 0 2
U0 0 0o 0o o g o 09 i
0 0 0 o d,, 0 0 0 ARy
00 0 0 41 9 o 0 o0 ' 2 " 18 invoy
| is involutory. €.£. 0 ,_.,].,_ 0 -0 BLE
0 0 o =0 0 0 0 of - P+ ’w
¢ n-1
- |
. - P O O
00 0 0 0 0 o0 L2
1
0 R 0 0 0 O 0 0 0
a, /£ Ve
] ,{»”'“.."‘ ..
— 0.0 0 0o 0o o0 0o o 3 ‘
_d! Juvn :
Propcrﬁcs :

- (i) The sum of two involutory matrices need not be an mvolutory matrlx i.e., if 4 and B are ty,

involutory matrices, then A4+ B may or may not be an, mvolutory matrix.

(i) If 4 and B are involutor 'y matrices of same order, then "4+ B is involutory iff AB+BA+[ =g

-Proof: We have 4=, B2=7J @ b4
Suppose, 4B+BA+1=0 y ':\ \J

© }" v
Now. (4+B)* = 4 +AB+BA+B2 gé‘*B +I=1+0=]1

= A+ B is involutor

Conversely : suppose 4+ B 157‘1nv.(l)lutc.)‘1y ie, (A+B)Y’ =1 = A’ +AB+BA+B =]
= I+AB+BA+1= ]/ @ :> AB+BA+I o
2. (i) The product of two m\/iufory matrices need not be an involutory matrix. i.e., if 4 and B are
two mvolutory matrjces‘“then AB may or may not be an mvolutory matrix.

0 0 -I .
Jand B=[ i ] are involutory but their product is not involutory.

/(u) If A and’B are two involutory matrices such that AB = B4 » then the product 4B is also

& ;inVolutory
Px-'oof : Since A and B are involutory matrices, therefore we have 42 = I.B =1
Now, (AB)’ = ABAB=AABB=A"B* =1 (o AB=BA)
=  AB isinvolutory. \;,
3. (i) The scalar multiple of an involutory matrix need not be an’ involutory matr X, i.e., if A isan

involutory matrix and k is any complex number, then 4 may or ma) not be an mvolulOl\’ mam*

Www.risingstarmath.com i
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10.
11,

13

14.

(i) 114 is an involutory matrix and 4 is any

Eh'llllﬂ 1 ) MSNIICQ B g e i i

.....A8 ]

complex number, then k4 is an involutory matrix iff
k=%,

Proof’: Since A is an involutory matrix, therefore we have A =1
Now, (k) =k A*=k’T =1 iff k=1 ic. ket],

i it than 420 . el .
I 4 is an involutory matrix then 4™ = J and A" = 4 where 1 is any positive integer,
If 4 is an involutory matrix, then A" is also an involutory matrix.

Let A be an involutory matrix. If & is any complex number arid » be a positive infegefthen

(K7 +.A)" can be expressed as a linear combination of / and A

Proof: (K1 +A)" = "Cy(KT)" + "C, (k)" A+ "C,(kTY"? A4* + "Cy kDY A
="Ck" T+ "Chk" A+ "C k"] + "CA AL, &
=("Cok" + "Ck"2 + w) T+ ("™ 4 C k’+)A ":

If any two rows (columns) of the identity matrix are mtcnchan;:ed tile resulting matrix is an

involutory matrix.

A square matrix 4 is involutory iff —(A +1) 1§,:1dcmpote'nt. This relation gives a bijection between

involutory matrices and idempotent matrlce s )
The determinant of an mvolutm;y matl 1x i always lor-l1.

Converse is not true : If detemunant of

s

matrix is 1 or —1 then it may or may not be involutory.

Contrapositive : If determinant of. a. mamx is different from 1 and —1 then it cannot be mvolutory.

y; %

. The trace of a nxn mvolutory matrix always belongs to the set {—n —(n—l) -—LOL2.. !

@ i v ,r//'/h\

Converse lS not tr;ie lftrace/pfa nxn matrix belongs to the set {—n =(n=1),=LO.L2...., n}

then it may or may not be involutory.

Conlraposmve lftrace of'a nxn matrix does not belong to the set | == (=D =102, 2}

“then it cannot be involutory.

. There does not exist a real matrix 4 of odd order such that 4% = —/. But there exists real matrices

0 0 0

-l 0 0 -l

0 1 0 0 1
A of even order such that A*> =—1, For example, [ ] 0
=~ 0 0

e 0 o -

16. 1f'a diagonal matrix is involutory then each diagonal element is either | or ~1,

p—

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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17. Number of nxn di

" . n
agonal involutory matrices is 2".

18.1f 4 is involutory then adj(4) is also involutory.

| | atrix if there exists a positive
Def. Nilpotent matrix font et

* A square matrix A is said to be nilpo
integer & such that 4* =0

4
0 1 =12 /\% ‘
Examples : Zero matriy, Sk B {"ﬂiﬂﬁ\ I
1000 L\
0 0 0 A /y‘

Ot/' y
Remark : Al super lower triangular and super upper triangular matrices are mlp ? 1

Def. Index of nilpotency : Let 4 be a nilpotent matrix then the smallest posmvey mteger k for which

g :
k_,‘k\\-/f‘/

4" =0 is called index of nilpotency of 4. D
2

Plopeltles :

g
R
!

i)"-x

2

1. (i) The sum of two nilpotent matrices need not be nilpotent mgtnx }1 e., if A and B are two

‘bm_‘

}

,e

nilpotent matrices, then 4+ B may or may not be '} m]potent matrix. For example, consider the -

0 1 0’117 fo o
matrices 4= B = and again consider 4 = K\ ,B= -
00 @ |07 0 1 0

(i) If 4 and B are two nilpotent matrices of: same order such that AB= BA, then A+ B is also
e 3' \H‘
nilpotent matrix. A h /) f

(iii) If 4 and B are two mlpotenf mat1 1ces Wlth mdex m and » such that AB = BA, then A+ B is
nilpotent with index < m%n :

2. (i) The product of two mlpotent matrlces need not be nilpotent matrix. j.e. .» if 4 and B are

then ,AB Mmay ormay not be nilpotent matrix. For example consider

.,,Q e/
B -
[y

(ii) 1f4 and B are’ lwo nilpotent matrices of same order such that 4B —

two nilpotent matr 1ces,

B4, then 4B is also a
mlpotem matux

(m) Ifd: and B are two nilpotent matrices with jndex m and n such that 4B B4, then AB is

i

nilpotent with index < min {m,n}. ;

3. 1f 4 and B are any square matrices of same order such that 45 is nilpotent, then B4 i T i |
nilpotent. Further. (index of nilpotency of B4) < (index of nilpotency of 4 B)+l1, %

4. The scalar multiple of nilpotent matrix is again a nilpotent matrix, i.e

o
- if 4 is nilpotent matrix and b
k is any complex number, then k4 is also a nilpotent matrix. 5 ?
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5. Index of nilpotency of a nilpotent matrix cannot exceed its size. In other words if A §
gt : A A 1

nilpotent matrix with index of nilpotency £ then & < ;. j
- 6. 1.4 is a mxn nilpotent matrix then we must have 4" = O

& b. ]f."‘t is a £ a '.,' N e H 2 . "
7 nxn matrix such that A0, A* 20, ... A" # O, then A cannot be nilpotent.

Def. Ceiling function : [\1 is the smallest integer greater than or equal to x, where x is any real nigiber.

8. 1f 4 is a nilpotent matrix with index of nilpotent # and k is a positive integer then A" is nilpmcnf
matrix with index of nilpotent [I} where H denotes the ceiling function.

9. Transpose of a nilpotent matrix is nilpotent.
10. Let A4 be a nilpotent matrix with index of nilpotency m. If k is a complei{ numbér and n>m bea
positive integer then (k7 +.4)" can be expressed as the linear combmzmon of ILAA ... A™".

Proof :

..

(k]+ 4)!1 — nC (kI)n +nC (kI)H—IA+nC (k])"_’A"f' +”C ‘I(k])n—m*lAm— nCm(kI)n—mAm ":‘...‘fQC,,A‘

— k”1+ nC kn-1A+ nC kn—ZA ot nC kn—m—lAm—I . [:,'_ Am = Am-l = .= As = n

;v/

11. The determinant of a nilpotent matrix is always 0 i.e., every nilpotent matrix is singular. |
However converse is not true, every smgular matrlx is not nilpotent.
Contrapositive : If 4 is non smgular mat1 m ‘then 4 is not nilpotent.

'; _ -] 2. The trace of a nilpotent matrixis always O

r
o

Exercise 1.5

. 1. Show that the followmg matl ices are idempotent : i

r\

; 0 o’ 0.0 0000
B oy o0 0000
(!) 0 50 0 Ll PR
4? 07 0 0 0000

2. What do you notice in above matrices.

3. If AB= A and BA= B, then show that A and B arc idempotent matrices.

tro Station, New Delhi, Mob : 07838699091

N Hauz Khas Me
28-A, Jia Sarai, Near Ihi Road, Rohtak , Mob : 09728862122

439/29,Chhotu Ram Nagar, Near Power House,De
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_2 ) 0- 'd 2 tent i
iy and an idempotent matyjy
4. Express the matrix j - 0 3 0] as the sum of a scalar matrix and X ang
0 2-2
hence caleulate 3°
a b
5. Show that the matrix | _ 2 + b0 is always fnvolutony ’
—— = /‘;
b A
300 1 f ]
¥
6. Express the matrix B= g #L g as the sum of a scalar matrix and an mVOIumfy. mam nd
01 3 0
1 00 3

hence calculate 3°,

[0 1 1 0 0
001 1 1
(M 4=/0 0 0 1 1
000 00
000 0 0]

vii) G=| -1 -1 -1 A (vii) H=|-5 —-10 —I5
1 0] & /‘3 3 6. 9
i &

8. Construct fiye dlﬁ'erent );rlée °nt matrices by taking hint from the matrix H in above question.

G, & / 2 2 2
9. Express the ma;rlx/ =0 2 3| as the sum of a scalar matrix and a nilpotent matrix and hence
0 0 2 ;

e,

ca‘!culate BIO
10. G}ve an example of two matrices 4 and B such that 4B is nilpotent but neither 4 nor B is nilpotent;

11. Give an example of two idempotent matrices such that their sum is also idempotent.

www.risingstarmath.com
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' Answers
& - 2 00)f0 20 32 42 0
4 B=[0 2 0|+{0 1 0f:B=|0 243 o
00 2 20 0 422 32
300 0] [0 0 0 1 36 0 0.28
B 103500 o010 0 36 ]
Bt 5- ) ) B - 36 28 0
73 00 3 O 0100 0 28 36 0 :
000 3 00 0 2810 0 36 '
B () 4 (i) 4 (iii) 2 (iv) 3 v) 2 vi)y2 , -(yi‘j'.)"s; T (i) 2
b 20 2 2 1024 10240 79360 iy,
P 2 B=10 2 01+10 0 31: B°=| 0 1024 15360
0 0 00 0 0 1024) £/%
110, 4= {
E;:Sr. Matrix , A| tr(4)
4 No.
:":l Diagonal Product of | Sum of diagonal
¢! diagonal elements
PP 4 elements
Scalar Sy 0 p LY v v v Iz nk
Lower . 5 ) d‘] =0,i<j v v v | Product of | Sum of diagonal
lriangulﬁér-‘*- ' diagonal | elements
f Y " clements
u Upper a,=0,i> ] N o/ Y Product ot | Sum of diagonal
RN . ’ '
K trlangul ar diagonal | elements
elements
| Super lower a,=0,i<j v oV v 0
"_3:-;_ : triangular 3
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§ Super upper a, =0, 1> 1 ) J ¥4 : 2

triangular '

IR YO OO T s S TSGR SRESPS BIDFU ST Y Fo s
/ ]LK]\\\ al d 0 . i+ , 2104 ' \’/ % \I/ ; 2 '!‘”hh'y;
d' \ ”n = ('- l) - dm-] ifn o |
lagonal a P+ jent o "5 o
, ) (ll|(/2"'(/”) i

e iz B . (RSO MU SUNI-S
S Backward 0 . itjen+l v e v n} n {
U

2
scalar ko i+ j=n+l

9 | Symmetric A'= 4 Y % / - . Sgnf ?@,{I

10 | Skew-symmetric | 4'=_4 Y % v 0 'i:ff‘ri‘-'is\ -

7/

&
/vT‘O “‘*\"
i

¢

—_—

.

11 | Hermitian A= 4 7 b ’Real Real

i
- L ——
Real or Either zeroor |

purely purely imaginary.

12| Skew-hermitian | 4 — _4 v

i
imaginary |

13 | Orthogonal AA'=1T1 ' F ax \/ % +1 Sum of d@‘[ﬁ
: clements . ;

14| Unitary ol ® of % Unit Sum of diagonal |
modulus | elements ‘y

15 | Normal X v -- Sum of diagonal ‘
i

i

elements

16 | Idempotent

iy

X X Oorl {0:5.2;.... 0} '

17 | Involutory A & X X lor—l {10t}

y
18 | Nilpotent ., Y1 4h =0 X X Vv 0 0

,
ot :
P KW i
W ‘},' 3
L0 I
' ,
' .
" y ! 1

"o : www.risingstarmath.com .
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; True-false exercise e 49 |
E ‘ ~t of ] )
i 1. The product of two 1xn symmelric 12. | ’ 30 g g1 Y0 <2 5 ]
E matrices may be non-symmetric, . | ;l 3 o~ 0 3 3 3 9
| 5 ) 4
1 3 7 s ‘ LY =1 4
T e | . . 3. Let A4 ang . g5 ]
2. The llnaln\ 4 <2 3]s symmetric, ‘ W Bbe yypy matrices, Multiplying
| B vt iy g
2 4 1atrix by a scalar ¢ obeys this formul4 -
N 7" 5 ia (/‘]3 b 1
3. The sum of any two xn Symmetric : ) ([/I)(’[')~
matrices is symmetric. the product of two sy skew=symimitrié
7 . i i matrices is skew-g s Y 4
4. For any square matrix 4, the sum A+ AT g .ymxr;% t’:nc. a
symmetric. 5. 2170 % 3
13 2]| 3 5[7] . :
5. For square matrices, if = - %/ '
11 A4 =0, then 4=0. ]
6. Letd and B be 12xn matrices. The (4, 7) °/W
: i R i
element in the product B’ 4 is given by the
T
formula (B A) ZAkJBk: ) .
171 3 2)3]<(3 9
7. Fortwo nxn-mairices, 4 and B, we have. [ ] ¢ i
0| {0 0 0
mn i
Z ( BT )Sj Aﬂ = ( ABT )Si 18. The only 7xn matrix that commutes with ;
=1 |
: all other nxn matrices is 7, . Z
8. Fora 4x4 matrix 4, if 4° =0, the = |
19 a b 1 d -b
A4=0. e d ad-bc|—c a ,
9. 2 B . : It
Ftwo 2x2 s lcesA an B s’atlsfy e Establishes that every 2x2 matrix has an
equation BA 0 then elther A=0 or —_—
b= { : 20, If 4 and B are npxn matrices such that
10. Por nxn matrlces this cancellation law AB=1.then Bd=1 also.
hplds :If AB:CA and A#0,then B=C.
lllAifthreé matrices 4, B and C satisfy the 21. If 4 and B are invertible nxn matvices,
eEl‘ualion AB=CB and if B#0, then it then so is A8, and furthermore,
follows that 4 =C. (AB)”I =475
e 99091
28-A, Jia Sarai, Near Haus [0 Mﬁ:ﬁ.:g);:lu Road, Rohtak , Mob : 09728862122
: 439/29,Chhotu Ram Nagar, Near Power ’
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28. A 2x2 matrix ':

13
.Let A={0 3
11

I A4 and Bare nxn matrices such that

AB=1.then 478" =1.

some positive integer &, then A8 1

1.4 and B are invertible 7xn matrices,

then 4+ B0 and AB=0.

. Let @ be a scalar. Let Q be an-nxn

matrix. If Qa =0. then @=0.

26. If 4 has only nonnegative entries and is

invertible, then 47" has only nonnegative

entries.

.1f 4 and B are n1xn matrices such that

BA=1.then BT is invertible.

CJ is invertible if and
P q

only if aq # pc.

BA=0.

If the matrix | . 2. | is noninvertible,
i o

G/

#

thenr # must'be 2.
78 e

“Af4 is an_;xn matrix containing no zeros,

" then A'is invertible.

34.

. If,?/i"and B are nxn matrices such that

AB = -1, then 4 is invertible.

If 4 and B are nxn matrices such that AB

is invertible, then A4 is invertible.

. . . ko "
104 is a square matrix such that At =1 foi

i invertible.

gy 1
)

= .

Linear ,:;\\
Bely
N

an mxn matrix. and let Bbea
¢ :

atrix. [0 n# M and AB is
invcr(lblc. then SO is PA.

35, Let A4 be

pyxm M

16, 1f A and pare nxn invertible Matrice;
then AB= BA.
37 ”/‘B( is lﬂVCl’tlblC, then so is BCY.

38, 1 A and Bar
n AiB is mVCl'tll‘J](.

¢ nxn invertible matei 7
3»

AN

the 4
39, For invcmble nxn matnc’ﬁ,{%d lf’
o 1*‘)»

40.1F (A—A )A 0 ‘h"v"/’ s nonsinguy

\w— »/
W-symrﬂemb,,matrlx

g,
ske
A5 ;M

#
{
Wj; Assngnment ’
__f%vﬁiii;_--- SCQ s

If A and B are two odd order skew

A symmetric matrices such that AB = BA )

then what is the matrix AB?

1. An orthogonal matrix

2. 4 skew—symmefric matrix

3. Asymmetric matrix

4. An identity matrix

2. If 4 and B are symmetric:natrices of the
same order, then which one of the
following is not correct?
1. A+B is a symmetric matrix.

AB - BA is a symmetric matriX. .

AB+ B4 is a symmetric matrix.

A LoD

A+4" and B+ B" are symmetric

matrices.

www.risingstarmath.com
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3. LetAand B be any two nxn matrices and

tr(A) = Z(!N and tr(B) = ZI)H .
=l =1

Consider the following statement

I tr(4B) =tr(B4)

11 ir (A + B) =tr (A) + tr(B)

Which of the following statement given

i above is/are correct ?

1. lonly 2. 1l only

£ )

E 3. BothTand Il 4. Neither I nor I
i 2

-

2 0
4. Let 4 =(3 } be expressed as P+Q,

Matrices

RISING Y% STAR ACADEMY
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et e

3 — g, 2L])
n! L@
6. 1 A4 be a non-zero square matrix of order

1, then

I. the matrix A+ A" is anti-symmetric.but
the matrix is A~ A* symmetrics

2. the matrix A+ A" is symmetric, but the
matrix A-A"is anti-syrﬁrric‘lric.v -'

3. Both A+ 4 'v’an‘d /l_'/f-;fl"arcsiymmetric.

.

Both A+ A'and A~ A'arc anti-
symmetric, : .

7. If C is a non-gingular matrix and

[o x
TB=C|0 0 z|C™, then
Yoo 0 0
1. B*=1 2. B*=0
3 B =l 4. B=0

8. Suppose, P is an nxn real matrix such that
the k™ diagonal element of PP is zero.
Consider the following statements
I. The kth row of P is zero.

IL. The kth row of PP is zero.

111. The kth column of P is zero.

V. The kth column of PP is zero.

Select the correct answer using the codes
iven below

. Tand I1I

3. 1L and IV

g
] 2. Lland IV
4. Llland

(GATE)

S

£
where P is symmetric matrix and Qis
' skew-symmetric matrix. Which one of the
' .‘“ following is correct ?
|
B 1 3
2 2 0
L 1. O=| 2. 0=
e S .
b = ;
2
£
5.
1
p Lo -
. 2 3 nl
2 [
1. n” +n+1 2, —+—+I
non
28-A, Jia Sarai, Near Hauz Khas Metro
439/29,Chhotu Ram Nagar, Near Power House,

Stnfion, New Delhi, Mob : 07838699091
Delhi Road, Rohtak , Mob : 09728862122
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Q. The determinant of the matrix

T 000 0
01 00 2 g
00 1 2 0 9
: is
00 21 0 0

02001 ¢

200 0 0 |
1.0 2, -9 3. =27 4. 1
(CSIR NET Dee 2011)

10.If 4and B are two 1Xn matrices over

Rand o eR, then

l. det(@A+B)=q det(A4) + det(B)

9

. det(@A-B)=¢ det(A4) + det(B)

(V5]

det{ad4-B) = adet(4)-det(B)

b

det(a4-B)=q" det(4)-det(B)
11. Let 4 bea2x2 matrix which satisfy

A* = A4=0, then

] =
1. Aiseither ¢ or ]
0 1 0

2. there exists infinitely man

matrices

W)

. there exists no such :}mtrlx

4. A must be dlagonal //}

12.The number, of dlfferent nxnﬁ“ymmel] ic
matrices w1th each element being either 0
or Iz where I;""S"
pTe Gud 2. 5
y 32,5 4 5
] 3.A L;t "4 bean im proper orthogonal matrix,'
then, adj 4 is equal to |
1. 4 2.4

3. -4 4. =4

Linear Al Qbm

i
S

MM Which is not correct. if 7,(A) = T'dce |

A then “
(T (A+B) =T (D +T(5)
L 7;(/11})—;'/;(/1/1)
3, 7 (A) = T(CACT),Clis non-singujq,
"~ v 4
4. Torany A there exists B (both a} '
square of same order) s.t. (Ag /MH
5. If B is a non-singular matnx dnd A i8's d
squalemaulx Ihcn d{et(B /1_3),5 equal (g

9
» r;Z" det(4)

\. i 4

A
1. det(BAB) P
: 4. det(4™)

3. det(B") % ?-'f

4 Skew-Hermltlan

' “Wl 7.1f (A+ B)™ exists, then
&

e

1. 47 and B'both exist
2. A'and B™'do not exist
3. atleast one of 4 and B~ exists
4. nothing can be said
18. 4,B,(4+ B)are non‘-sin‘gular matrices.
Then, [B(A4+B)™ 4] is equal to

l. A+B 2, . A4 F?

4. 4B
19.1f Aand B are two matrices of the same
order such that 4B = B4, then

3. A4 BT

l. 4is diqgohal and B is any matrix
2. dand B are both diagonal

3. Aisscalarand Bis diagonal matrl\
4, None of the above

. www.risingstarmath.com
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ll lmplm U Matrices

'. a0 1 Aand Boare Hermitian, then select e

fnearrect ene

f. Al BA s hermitian
3, Al BA Bs skew-hermitian
1, " fis hermitian
A A+ A" is skew=hermitian
1. The columns of an orthogonal matrix forms
I, an orthogonal set ol vectors
3. orthonormal set of vectors

1, ¢ Hnearly independent set
4. All of the above

|

9

4 20
2.1 A= .

9

3

X
y 2]. then in order

thiat A1 =0. The values of xand y will be,
pespectively
1, =6and =] 2. 6and |

i, =6and =3 4., =5and 4

23, lcl A= (u,,),nz?s, where

, —( o

distinet real numbers b ,‘:/i,';".‘;...l/;,,

1\ ¢ g IS
= b} )i, =1 200 for some;
. Then

Vi

/)}).; |

s s

det(A) Is

”r-o (/'/ -
" 4,
(CSIR NET Dee 2013)

0

A4, Lef A be i 5% 5matrix with real entries
ciich thint the sum of the entries in ench row

of A4 1 1. Then the sum of all the entries in

9 3,5 4, 125

LX)

A i
i 15

.4
(CSIR NET June 2014)

" TaeA, din Sarad, Near Hauz K has Metro i
430/201‘),”""“ '(“"‘ Nnu“], Nl.'“l‘ Power "“"QL

RISIN(. * STAR A( Am MY

" ‘j‘], For the matrix A as given below, which of

e

63

25 Laiven the pesmutition
i
: 4

7
/

i g
o )

it i\. the maitiz 4 is
1) fi

/
4 2

dhstined 1 b thae one whese f-thy eobimin i
the o1 1) column of the identity mairis /,
Yihieh of the following is {,l;f‘f_::l'("g-"'."'.‘.

I. A=4"
A=4"

2. 4~-/:*..j'j""~,
4 A /1

/ (("4"1 w,l June 2014}
26,1 €t/ depote 4 ”f 21 5) ¥ mateix with all the

i,

efitries e f’uﬁf t})‘ | '.u;n:l ‘lt o4 [ denate the
advnm if mrm'ix bf order 101. Then the
deMmmanr of J-1 is
/108

’* 0

2.1
4, 100
(CSIR NE'T June 2014)

them satisfy A" =17

0

V4 . T
Cos—  Sin—
4 4
Y S
. A=| =sin— cos— 0
I A 4 y
0 0 |
|0 0
9 A=|0 co = infr I
A= s B
&t 4 v 3 3 X‘l‘
0 -sin’ cos’
A - P i
UPUT——

i New Delhi, Mob : 078386 9091
Dl fond, Rohtak, Mob ¢ 09728862122
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cos= 0 ginZ?
§) §]
3, A= 0 | 0
=sin~ 0 o5’
( §)
cos in-
) 5 smE 0
4 A=l =sinZ 057 ¢
2 2
0 0 1

(CSIR NET June 2014)
28. Let4, Bbe nxnmatrices such that
BA+ B*=I—BA*where I is the
nxnidentity matrix. Which of the
following is always true ?

1. 4 is nonsingular

2. (x—Y) (.\f~z)(y'—-z)
(e ) )
4. (¢ =y )y - 2*)(#=¥)

(CSIR NET D

) pi)

3. et S=i4: 4[4, ], A
f:?;:i |

,,0 orl Vi, Jj. i }

(CSIR NET June 2011)

.“_27':
3. Detipy=e ° and the matrix
% TR

"Il

LI [§S]

J;

. A+B is nonsingular

. Bis nonsingular

. AB is nonsingular

A
(CSIR NET,Deg*f({} 49@:*

@
29. The determinant of the nx nlaizrmut‘itlonzﬁ;i

matrix

(CSIR NET Dec 2014)

%/ (1 o 0{2 a3 a;'
0 a a2 a3 a-‘

M=l0 0 & & o '
00 0 & o
00 0 0 o

Then, the trace of the matrix 7+ M + M

f, 25 . 2.0 3.3 45
(GATE2012)
10 0
33.0f A=| i ‘”?"\B 0 | thenthe
cofs s fa
0 1+2i 1-iv3
I 7

trace of A" is

1. 0 2. 1

I T+x I4x+a 3.2 4.3 Py

30. The determinant |1 I1+y 1 +y+y2: is (GATE- -‘
I 14z l+z+2 34. For which value of x will the matrix given ‘

below become singular 2: .

equal to & ; ]
WWW, rlsmgstarmath com ‘
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36. Let f(x)=x"-5x+6, and

E 8§ x 0

b 4 0 2

i 12 6 0

¢

; 1. 4 2.6

P 38 4. 12

-5 -8 0

351 A= 3 5 0 |.then4is

i 12 -1

|. idempotent 2. nilpotent
3. involutory 4. periodic

2 0 1
4=/2 1 3|, then f(4) is equal to
1 -1 0
[1 -1 -3] 1
. |-1 =1 =10 2. |-l
-5 4 % -3
(1 -1 4] P
3.]-1 4 -10| 4. Noneofihese
i 4 __3 _5 i _ ;g:f,«

37. Multiplication of 1natrip”éfé“:l;; and Fis G.

8 y oy
Matrices E and G areas follows :

cos@ —sm@ 0
sing ~-cos@./ 0|, G=
00

E:

, 'Then, the value of matrix F is
—sind 0

cosd 0
0 |

: _-clos()
" |sinf
L 0

"“4"4“;-'&‘_.4.'5&10« T e e 4 @ e e — -

28-A, Jia Sarai, Near Hauz Khas
439/29,Chhotu Ram Nagar, Near Pow

Matrices ]
5

[ cosO0  coso 0

2. | =cos@ sing 0
. 0 0 |1
[ cosOd  sing 0

3. | =sin@ cos® 0
. 0 0 1 J &
[sin@ ~cos0 0

4. |cos® sino 0| AL
L 0 0, If / . 4

ACADEMY

38. Let A bea 5x5 1natr|x§uch that sum of

elements oﬁeac]j"f‘owﬁs 2 then the sum of

2. 40

4. None of these
. I;&et A and B are two 3x3 complex matrices
s{lch that sum of elements of each row of 4
is 147 and that if B is i then sum of all nine

elements of AB is

’ 1. 3+3i 2. 3-3i
3. —3+3i 4. —3-3i
40. Let P be a nxnmatix with integral entries

and O=P +% I, where I denotes the

nx nidentity matrix. Then, O is
1. idempotent, i.e., O°=0
2. invertible

3. nilpotent

4. unipotent, i.e., OQ—1is nilpotent
(GATE 2004)

New Delhi, Mob : 07838699091

tro Station,
N Road, Rohtak, Mob : 09728862122

er House,Delhi
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41.

43,

44.

Al
ar g

Linear
2 10 \\

i A
i

v” b [l
1et ])' = det| x ¥y and 45, The trace of the matrix [ 0 2 i
P oq " .0 03
=X e =p ' 7)(1 2, 2» o 32
), =dei] ’ '
]2 = \1‘.‘ ‘ '—h [l " l hcn “ 2 . ’))0 # ,;)() 4 22(] 4 320+[
& ¢ o . ’
SIR NET
L. D=, 2 il (c June 2%13
< . = ’)) ] { 6‘_.’-
5 & s Ry
) =~D, 42D =D, 46. For 1 €Ik, define M(r)=| 1 E{ ’3 . 4
4 N , b
(CSIR NET Dec 2016) R Yy
- Consider the matrix =( A Tiien Shich Ofthc foll{)mng Srdtemcms'
=sing cosg |’ true ? 1{ “?‘,
2; <
where @ :ﬁ-, Then 42013 cquals £ detM(:;)/‘!IS 2:90 o functman
1 4 degree 3 fn,/
27 - detM( ) 0 forall reR
5 ( cosl130  sinl30 %f &{M (¢) is zero for infinitely many
—sinl380 cos136 | 4 (eR
" [ O1 ) 4. detM(¢) is zero for exactly two r <R
0 ‘
(CSIR NET Dec 2019y
. § 47. Let A and B be 2x2 matrices. Then which
et 4 and B be real invertible I ‘ ‘
of the following is true ?
that AB=-BA4.Then _<
1. det(A4+B)+det(4—B)=det 4+detB
1. Trace(A)=Trace(' . '
Y 2. det(A4+B)+det(4—B)=2det 4—2detB
2. Trace(A) 'lrace(B) 1 A S
3. det(4+B)+det(4—B)=2det A+2detB
3. Trace(A) O Tlace( )=1 : ‘
| 4. det(A+B)—det(4=B)=2det A-2detB
Trace 4 =1. Trace(B)=0
( ) ’ ( ) ( (CSIR NET Nov 2020) i
(CSIR NET June 2017)
let A ='V , ]J. Then the smallest

positive integer n such that 4" = I is
I 2s 2
3.4 4. 6
(CSIR NET Dec 2017)

‘www.risingstarmath.com
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[ ( Imph‘l‘

St " s f\"d““‘(w

U1 Let A, )'wamnw eomples fiagy ind

,

let 4" denote the conjupate tanspose a4

\Which 0‘\”“.‘ ﬁ\“\\\\-‘i\\t__\ g‘]“[(\nu“"h are

necessarily true?
LA s invertible, then (. A)#0, jo
the trace of A4™.4 s nop e,

20 e (A 4)% 0, then 4 i invertible,

oy

It !ir(‘-l. f);\ " thcnl:.;,f-\'l [OF some ij.

.

n'u-(:l' .i)r: 0. then A is zero matrix,

(CSIRNET Dee 2012) 4

Let A bea 5x3 skew=symmetrje matrix

with entries in R and B be the 5x3

symmetric matrix whose (1.7)" entry is they.
W £

7

. . T ) . o, ;‘
binomial coefficient L | tor I'si € j <%,/
J, S |

Consider the 10x10 mmri.\. givenin block

. A 1+B
form by C= Thnn
0 B

l cictC=l:o;'-_sf"'. Y 3 det =0

3. traceof (o 15 0 4, traceof C'is 5
" (CSIRNET Dec 2012)

Le! ﬂ‘d‘.notu the set of all primes p such

lh.eu,thc following matrix is invertible when

considered as a matrix with entries

0.

il'lV/.//;'//ﬁ, A=l ¢
l’ulluwing Staleinenq

2. 8 containg all the: peirse

. The matnxA: 1 8 2
T 91 0of

I A is mvemblc and the inverse has all

e

¥
oy

V2 /

G @i $kge 7
l; § contains all the prime mumbers

g s Zreader

Mitirherg™s

than 10,

3.8 containg all the prm.f, m;r;«:bﬁr‘, other

o

than 2 and -

4. S contains all tlrc odd p iMe numbers.

(ijR NET June 2013

Ci(s 9 g

satisfies

mleger entries.
2. det(4) is odd.
3. det(A) is divisible by 13.
4. det(A) has atleast two prime divisors.
(CSIR NET Dec 2014)
Which of the following(s) is/are correct ©
1. The transpose of a symmetric matrix

need not be symmetric matrix.

2. If 4 and B are symmetric matrix of same

order, then AB-+BA4 must be symmetric
matrix.

3. If 4 is symmetric matrix, then all
positive integral powers of 4 are
symmelric matrices,

4, I1f A is any sq}uurc matrix, then A+ A'is
always symmetric matrix.

Which of the following(s) is/are correct ?

T ————

. ( ()
28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
o s = W

¢ 62122
3929 (‘hhotu Ram Nagar. Near Power House, Delhi Road, Rohtak , Mob : 097288
h‘
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1. If A is orthogonal matrix, then A is
non-singular and A™=A"

If A is orthogonal matrix, then IA|=:L'I

o

. Transpose of an orthogonal matrix is

(98]

orthogonal
4. None of the above
7. Which of the following(s) is/are correct ?

1. If A is unitary matrix, then A'is also

unitary matrix.

|39

-

{ ] 1 il i i
A=— is unitary matrix.
N H

4. None of the above

8. Which of the following(s) is/are correct ?

1. In a skew hermitian matrix, the element

on the principal diagonal must be

purely imaginary.

2. If A is hermitian matrix, then i4 is sk%m
R

hermitian matrix.
3. If 4 is any square matrix,
skew hermitian matrix.

4. All of the above.

9., Let A= [a,j] be anz

. isan mtcger for«all 7 j Let AB=1
P Wy
with’ B [b /} (whcrc [ is the identity

/( tnx) Fifr a square matrix C, det C
N ﬂuwie’s; lts determinant. Wthh of the

I

foﬂowmg statements is true ?
. If det A=1 then det B=1
2. A s‘uff cu:nt condition for each b
he an integer is that det A is an integer.

3, Bis always an integer matrix.

Inverse of unitary matrix is unitary matrix.

Linear Algebl‘a

v condition for
4. / necessary condition for each j, {0 be

3 " 'f—-
an integer 15 det A€ {-1,+1}

.(CSIR NET Dee 2016)-- |

(0, Let mi pe natural numbers. Let A be 4y
mxn matrix “with real entries such thy

) RO S
( P Ar)’ — ], where 118 the mxm |dégptity'

matrix and A" is the transposg ofthew é,

matrix 4. We can conclude that
f j"‘g' k) ";f
] v B 4 ‘{?ﬁ‘\ m’:pl of
\, M;J:"/

2. AA' is mverthle\ .
/;4
3. A'Ais ;ﬁvemlbfe
4, if m"” *n the’nA is invertible

W,,;;r (CSIR NET June 2017)

s
T

& A= ((a,.j)) be a 3x3 complex matrix

e’ »
identity the correct statements

1 der(((0) e ) et
2. det(((-1)" g, )) = ~det 4
(R
¢ a6t

(CSIR NET June 20!9)
12. Let n>1 and a, ,BGR Wlth arﬂ‘

Suppo§'e" A, (q,ﬁ)»: [ay] isan nxn.
matrix such that g, ot anid a, = 3 for
i# J, lsl,_]SnLet D;l‘_‘b_(':fthe
determi nant@f‘:‘ﬁlh (Ot B ) -Which of the
following statcments are true %

D, =(a- /") ,,l+/} forn

~ www.risingstarmath.com
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RISING * STAR ACADFMY
[Chapter 1 Matdews ]
{ I" 2 -_,Q,.A- e P + /3 for n -
Z T @) (a-p) .

E D, =(a+(n=1)p)" (a=p) for
| n22
. D, =(a+(n=1)B)a-p)" for
) p2

(CSIR NET Dec 2019)

28-A, Jia Sarai, Near Hauz Khas Metro Station, New Delhi, Mob : 07838699091
439/29,Chhotu Ram Nagar, Near Power House,Delhi Road, Rohtak , Mob : 09728862122
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True false key

T 2. F T 4. T

S F 6. T 7. F 8. F

o. I 10, F 1 F 12. F

13.F 14.F 15.T 10. F

17.F I18. F 19. F 20. T

21LF 22,7 23.T 24.F

25.F 20. F 27.T 28.T

29.T 30. F 3I.F 32.F

33T 34.T 35.F 36.F

3t F 38.F 39.T 40. F

Assignment key
SCQ

1.3 2.2 3.3 4.3

5.3 6. 2 7. 4 8. 2
- 9.3 10. 4 11.

13. 4 14. 4 15.

17. 4 18. 2 19.

21. 4 22. 1 23.

25. 3 26. 4 2k

29. 2 30. 1 31.

33. 4

37. 3

41. 3

4.3

c ol
L1534 224 323 4,34
5,234 6.123 7. 123 8. 2,3
9. 14 10,24 11.13 12.2,4
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